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Preface

This coursebook is primarily intended for third-year students in the Electronics and Industrial
Computer Engineering program, but it also serves as a valuable resource for all future engineers,
regardless of their specialization. In the digital age, mastery of scientific computing tools is
no longer confined to a few specialized fields; it has become a transversal and indispensable
competency.

The objective of this work is to build a bridge between the fundamental mathematics taught in
the early years of engineering education and the concrete applications that constitute an engineer’s
daily work. We started from the observation that many students perceive numerical methods as
an abstract discipline, when in fact they are at the heart of simulation, design, and optimization
of modern systems.

Although the concepts presented are universal, we have deliberately chosen to illustrate each
method with examples and case studies drawn from the field of electronics and industrial com-
puting. In addition to solved exercises that facilitate thorough understanding of the methods.
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Introduction

The rapid evolution of electronic technologies and industrial systems has profoundly transformed
the practice of engineering. We have transitioned from a primarily hardware-oriented approach,
dominated by analog designs and electromechanical systems, to a paradigm where digital systems
and software play a central role. Today, an electronic circuit is no longer merely an assembly
of components, but a complex system integrating processors, Digital Signal Processors (DSPs),
FPGAs, and sophisticated algorithms that determine its performance and functionality.

In this technological landscape, mastering numerical methods is no longer an academic luxury
but a professional necessity. Whether designing a wireless communication system, a Programmable
Logic Controller (PLC), an electronic medical device, or an embedded system for the automotive
industry, one inevitably encounters problems that classical analytical mathematics cannot solve
exactly. The differential equations governing circuit dynamics, the systems of nonlinear equations
describing semiconductor components, or the filtering and real-time signal processing operations
all require approximate solutions that are sufficiently accurate and stable for use in critical appli-
cations.

Numerical analysis occupies a unique position in the engineer’s training. It is both a mathemat-
ical discipline, with its theorems, proofs, and abstract concepts, and an engineering art, focused
on implementation, efficiency, and pragmatism. Its fundamental objective is to provide algorithms
that transform continuous mathematical problems described by differential equations, integrals,
or systems of equations-into a finite set of arithmetic and logical operations that a computer or
digital processor can execute.

However, this transformation is not neutral. It inevitably introduces errors, approximations,
and stability considerations. Therefore, a competent engineer does not merely implement an
algorithm found in a software library. They must understand the underlying principles to:

e Select the appropriate method based on the problem’s constraints (accuracy, computa-
tion time, available memory).

e Diagnose problems when results are inaccurate or the algorithm diverges.

e Adapt and optimize existing methods for specific applications in electronics and industrial
computer engineering.

e Validate and certify results, especially in safety-critical systems (automotive, aerospace,
medical).

The specificity of this course lies in the constant link established between abstract numerical
methods and their concrete applications in our fields. Consider the following examples:

e Simulating a nonlinear RLC circuit, essential for validating a design before fabrication, relies
on the numerical resolution of differential equations (Chapter 5).



e Digital filtering of an audio signal in a hands-free system, noise reduction in radio com-
munication, or vibration analysis of a motor all make extensive use of the Discrete Fourier
Transform (Chapter 3).

e Real-time control of a robotic arm, a motor speed drive, or temperature regulation in an
industrial chamber requires the discretization and analysis of dynamic systems (Chapters 2
and b).

e Accurately estimating the position of a mobile robot from noisy sensor data can utilize
interpolation and kriging techniques (Chapter 3).

e Calculating the average power consumption of an integrated circuit or the RMS value of a
power signal relies on numerical integration methods (Chapter 4).

In each of these cases, implementation on a hardware target (DSP, microcontroller, FPGA)
imposes severe constraints on computation time, memory usage, and precision. A deep under-
standing of error analysis (Chapter 1) is therefore not only useful but vital to ensure the proper
functioning of the system.

This numerical analysis coursebook for electronics and industrial computer engineering is struc-
tured into five fundamental chapters. Each chapter covers an essential area of scientific computing,
with specific orientation toward practical applications in our fields of specialization.

In Chapter 1, we establish the foundations of all reliable numerical computation. This chapter
covers: Modeling Errors, Representation of Numbers on a computer, error sources: truncation
errors and rounding errors.

In Chapter 2, we study the modeling and analysis of sampled systems. This chapter ad-
dresses: Definition of dynamical system, linear discrete dynamical systems, n dimensional discrete
dynamical systems and study of nonlinear systems through linearization.

In Chapter 3, We develop tools for signal analysis and processing. This chapter presents: Krig-
ing method for spatial estimation, Fourier transform and its applications, NURBS for geometric
modeling.

In Chapter 4, we translate differential and integral calculus operations into numerical algo-
rithms. This chapter explores: Trapezoidal methods for numerical integration, Romberg algorithm
for convergence acceleration, Finite difference schemes for differentiation, Error analysis for each
method.

In Chapter 5, we solve ordinary differential equations governing dynamic systems. This chapter
covers: Euler methods, Runge-Kutta family of methods, Multi-step methods (Adams-Bashforth,
Adams-Moulton), Shooting method for boundary value problems and finite difference method.



Chapter 1

Error analysis

1.1 Introduction

The fundamental notion around which numerical analysis is built is the notion of error. The
term *error* here refers to the difference between the numerical result of a problem and the
theoretical or exact value that one is supposed to obtain. These errors can have several origins.
We distinguish:

e Modeling errors.

e Representation errors on the computer.
e Truncation errors.

The purpose of numerical analysis will be (among other things) to estimate these errors, to
understand and identify their origins, and to develop strategies to limit them.

This chapter therefore mainly addresses numerical errors and not the inevitable programming
errors which unfortunately are part of the daily life of a numerical analyst. First of all, a bit of
terminology is necessary in order to eventually quantify the errors.

Definition 1 (Absolute error) Let x be a number and x* an approximation of this number. The
absolute error is defined as:
Ax = |z — =¥ (1.1.1)

Definition 2 ( Relative error) Let x be a number and x* an approzimation of this number.

The relative error is defined as:
|z — 2|

E,(z) (1.1.2)

]

Moreover, by multiplying by 100%, we obtain the relative error in percentage.

Remark 1 In practice, it is difficult to evaluate the absolute and relative errors, since the exact
value of x 1s generally unknown and only x* is available. In the case of measured quantities for
which only the approximate value is known, it is impossible to compute the absolute error. How-
ever, an upper bound for this error can be obtained, depending on the precision of the measuring
wnstruments used. This bound is still referred to as the absolute error, although in fact we have:

N <z<z"+ Az (1.1.3)
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1.2 Modeling Errors

Modeling is the entire process that allows mathematics to intervene in a science based on experi-
ment or observation. Several stages of modeling can be distinguished:
e The scientist makes hypotheses about the studied phenomena.

e The hypotheses are mathematically translated into a model.

e The mathematical model is studied; qualitative or quantitative consequences are drawn and
predictions are made.

e The predictions are compared with experimental realities.
e The hypotheses are eventually revised in order to modify the model, and the cycle continues...

The modeling effort generally produces systems of complex equations involving a large number
of unknown variables. To succeed in solving them, it is necessary to simplify certain components
and neglect the less important ones. This leads to a first modeling error.

0 (t)

Figure 1.1: Pendulum problem

Example 1 Let us take as an example the pendulum problem, which has been known for a long
time. A mass m is suspended from a string of length | (see Figure 1.1). At time t =0, we assume
that the angle 6(0) between the string and the vertical is 6y, and that its angular velocity 6'(0) is
0y

The forces involved are gravity acting on the mass and the string on the one hand, and air

friction acting on the whole system on the other hand.
We have
ml"(t) = —mgsin(0(t)) — Fy

where:
- mlO"(t) is the force due to tangential acceleration, - g is the gravitational acceleration, -
mgsin(0(t)) is the tangential component of gravitational acceleration, - Fy is the friction force.
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The friction is proportional to the velocity 16'(t) with a proportionality coefficient cy. This law
s only approzimate, and the coefficient c; is obtained with limited precision. All this leads to
modeling errors.

Thus, we obtain a second-order differential equation.:

0" (1) — _Cfi;(t) _ gsiﬂf(t)) (1.2.1)
0(0) = 0y (1.2.2)

A brief analysis shows that it is reasonable to neglect air friction (i.e. ¢y = 0) since the motion
velocities are small. This is nevertheless a modeling error. We can further simplify the problem
by assuming, for example, that the angles are small and that

sin6(t) ~ 0(t).
This yields the following simplified problem:
ml 0" (t) = —mg0(t),

or equivalently

6"(t) + 7 6(t) = 0,

with initial conditions
6(0) = 6y, 9’(0) = 96.

The general solution of this linearized equation is

/

0(t) = Oy cos(wt) + b sin(wt),
w

where w = \/g 15 the natural angular frequency of the small-angle pendulum.

Remark 2 Neglecting air friction and using the small-angle approximation are both sources of
modeling error; the linearized model is valid only when those approximations hold.

0"(t) = —%@ (1.2.4)

0(0) = 6, (1.2.5)
0'(0) = 6, (1.2.6)
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1.3 Representation of Numbers on a Computer

A computer cannot handle numbers in the same way as a human being. It must first represent
them in a system that allows efficient execution of various operations. This may lead to repre-
sentation errors on a computer, which are unavoidable and whose origin should be understood in
order to better control their effects.

The internal structure of most computers relies on the binary system. The unit of information
can be stored using a single bit. Bits are then grouped into words of variable length (the most
common lengths are 8, 16, 32, or 64 bits). Integers and real numbers are represented in this way,
although their precise mode of representation depends on the manufacturer.

1.3.1 Representation of Integer Numbers

We consider three of the most common forms of integer representation on a computer. Several
other variants exist, and it is important to know which one is used by the computer in order to
interpret values correctly.

To transform a positive integer N into its usual binary representation, one must determine the
coeflicients a; such that:

N=a, 12" 4+ a,-22" 2+ a,_32" 3 + - - + a22? + 012" + a02°,

where each a; € {0,1}.

Figure 1.2: Representation of an Integer on 16 Bits

Remark 3 The subscript n indicates the base used (N,).

The values of the a; are obtained by following the procedure below: by dividing N by 2, we
obtain ag (the remainder of the division) plus an integer. We then repeat the same reasoning with
the integer part of N/2 (neglecting the fractional part or remainder) to obtain a;. This process is
continued until the integer part becomes zero.

Example 2 If N = (27)y9, we have:

27/2 = 13 remainder 1 ie. ag=1
13/2 = 6 remainder 1 ie. a;=1
6/2 = 3 remainder 0 ie. ay=0
3/2 = 1 remainder 1 ie a3=1
1/2 = 0 remainder 1 ie. ay=1

Thus, the decimal integer 27 can be written as 11011 in base 2.

Remark 4 In general, in binary for n bits, 0 < N < 2" — 1 we have 2" different values.
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One bit is reserved for the sign (the leftmost bit), while the other bits encode the absolute
value of the number.
The 0 represents “+” and the 1 represents “—"".
Example 3 Let us represent the numbers +5 and —5 in signed values on 6 bits using the following
two tables:

0100 | 1]0]1
+ ]2t 23122 |2t |20

Table 1.1: Representation of the number +5

1710 10 |10 1
— 24231222t ] 20

Table 1.2: Representation of the number —5

Remark 5 In general, in binary we have: for n bits, —(2"71) < N < 2" — 1, we have 2" — 1
different values.

The two’s complement representation is very frequently used. If we have n bits to represent
an integer N, we define:

N=—a, 12" 4+ a, 22" 2+ a, 32" 3+ -+ + a2 + a;2" + 2.

It should be noted that there is a negative sign in front of the term a,,_;. It is easy to see that
all positive integers satisfy:
Ap—1 = 0.
Thus, positive integers are represented by a 0 followed by their usual binary representation in
(n — 1) bits. To obtain the representation of a negative number, it suffices to add 2" to it and
then convert the result into binary form.
Example 4 The 4-bit representation 0101 us:

—O0x224+1x224+0x 2" +1x2°,

which equals 5 in decimal form.
On the other hand, 1101 is:

—Ix 2 4+1x224+0x2V+1x2°
that is, —8 + 5 = —3.

Conversely, the binary representation of —6 will be a leading 1 followed by the 3-bit represen-
tation of:
—6+2° =2,
which 1s 010.
Thus, (—6)19 = (1010)s in the two’s complement representation.



CHAPTER 1. ERROR ANALYSIS 13

Remark 6 For n bits, —2" 1 < N <21 — 1 we have 2" different values.

Each digit of the number N is encoded by its binary equivalent in 4 bits.
The sign can be encoded according to different conventions:
“4+7 1011,
“—7 11015
Example 5 Let us take the number 35:

+3519 : 1011 00311 01501 —3510 : 1101 00311 01501
+ —

1.3.2 Representation of Real Numbers

The task of representation is more complex in the case of real numbers.
Indeed, in the decimal system, we are used to representing a number x in the form:

x=m x 10

where m is the mantissa, [ is the exponent, and 10 is the base. In general, for any base b, we can
write:
r=mxb

The general form of the mantissa is given by:
m = 0,dydyds - - - d,,
which means that:
m=d, Xb ' +dyxb24+d3xb3+---+d,xb "
where n is the number of digits of the mantissa. The d; satisfy the following conditions:
1<d < (b—1) (1.3.1)

0<d;<(b—1) fori=2.3,---,n (1.3.2)

The inequality (1.3.1) means that the mantissa is normalized, that is, its first digit is always dif-
ferent from 0. Normalization ensures the uniqueness of the representation and avoids ambiguities
such as:

0.1020 x 10> and 0.01020 x 10°

The latter expression is never considered valid.
In this example, the base used is b = 10 and the mantissa has n = 4 digits. Thus, the mantissa
always satisfies:

1< <1
— m
b S

1
since the smallest possible mantissa is 0.1000, which equals 7
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These considerations serve as guidelines for the representation of a real number on a computer.
In the case of interest here, the base will generally be 2 (b = 2). Therefore, it is necessary to find
a way to represent the mantissa (a fraction), the exponent (a signed integer), and the sign of this
number.
Remark 7 Pocket calculators differ from computers mainly in that they use base 10 (b = 10) and
a mantissa length of about 10 digits (n = 10). The exponent | usually varies between —100 and
100.

Let us consider, as an example, an 8-bit word (see Figure 1.3). It is understood that, in practice,
words are much larger.

The first bit gives the sign of the number. This leaves 7 bits to represent the mantissa and the
exponent. We allocate 3 bits for the exponent and the following 4 bits for the mantissa. It should
be noted that the mantissa is normalized, and therefore its first bit is always 1.

It is then necessary to determine which representation is used for the exponent. For example,
if the exponent is expressed using the sign-and-magnitude representation, then the binary word
0101 1011 can be decomposed as follows:

011 0 1 1 0‘1L1

+ - 21 20 241 22 23 p4
L i — ]
Exponent Mantissa

Figure 1.3: Sign and magnitude representation of a real number on 8 bits

Sign Exponent Mantissa

0 101 1011

This number is therefore positive. The exponent is negative and equals:
—(0x 2" +1x2% =~1

and the mantissa is
Ix2 ' 4+0x224+1x234+1x21=0.6875

Thus, 0101 1011 represents the decimal number:

0.6875 x 271 = 0.34375

Let f be a decimal fraction between 0 and 1. We need to find the d; such that:

(f)1o = (0.dydads - -+ )5

or equivalently
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f=di x2 ' +dyx 22 4+dyx23 4.

If we multiply f by 2, we obtain d; plus a fraction. Applying the same reasoning to (2f — d;),
we obtain do. We continue this process until the fractional part becomes zero or until we reach
the maximum number of digits of the mantissa.

Example 6
1 2
§><2 = 0+§ c-a-d d; =0
2 1
§><2 = 14- cad dy=1
1 2
§><2 = O—l—g c-a-d d3 =0
2 1
gXZ = 1+— c-a-d d421

In this section, we follow the propagation of errors through elementary operations. To sim-
plify the course, we use the decimal system, but the described effects are also valid for other bases.

Any real number x can be written in the form:
z = 0.dydods - - - dpdpyq x 10

Definition 3 Let x be a real number. We denote by fl(x) its representation in floating-point
notation with n digits, defined as:

fl(CC) = O.d1d2d3 s dn X 10l

Remark 8 The floating-point representation of a number depends not only on the number n of
digits in the mantissa, but also on the procedure used to eliminate the remaining digits.

e Truncation: simply remove the digits starting from position n + 1.
e Rounding: add 5 to the (n + 1) digit of the mantissa before truncation.

o The IEEE standard recommends the use of rounding in the binary representation of real
numbers.

Example 7 If we choose n = 4, we have

1
fl (g) = 0.3333 x 10°
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fl(7) = 0.3142 x 10
fl(12.4551) = 0.1245, (if truncation is used)
= 0.1246, (if rounding is used)

The Institute for Electrical and Electronic Engineers (IEEE) aims to make computer repre-
sentations as uniform as possible. It proposes a representation of real numbers in single precision
on 32 bits and in double precision on 64 bits (IEEE-754 convention).

Single precision: The first bit represents the sign of the number, the following 8 bits deter-
mine the exponent with a bias of 127, and the last 23 bits are for the normalized mantissa.

32 Bits

Sign Exponent Mantissa

«— 1 Bit—> 8 Bits 23 Bits

Single Precision
IEEE 754 Floating-Point Standard

Double precision: The first bit represents the sign of the number, the following 11 bits
determine the exponent with a bias of 1023, and the last 52 bits are for the normalized mantissa.

Since the mantissa is normalized, the first bit is always 1, and it is not necessary to store it in
memory.

Thus, following the notation of Cheney and Kincaid, the 32 bits of the IEEE single-precision
representation:

(dydads - - - dsydss)s
represent the decimal number:

(—1>d1 X 2(d2d3md9)2 X 2_127 X (17 ledll s d32)2

We can immediately identify the different components: the sign bit, the exponent with a bias
of 127, and the normalized mantissa obtained by adding the missing 1.

64 Bits

Sign Exponent Mantissa

+—1Bit—> 11 Bits 52 Bits

Double Precision
IEEE 754 Floating-Point Standard
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Example 8 Let us represent the decimal number (30.0625)1o in IEEFE single precision (32 bits).
First, the integer part (30)19 becomes (11 110)y in binary form.
The fractional part (0.0625)19 becomes (0.0001), in binary.

Thus, we have:
(30.0625)19 = (11 110.0001) = (1.111 000 01), x 24

The mantissa is normalized, and the leading 1 to the left of the binary point is not stored in
memory. The exponent 4 is biased by 127 to become 131.

The representation of 131 in 8 bits is (1000 0011)s.
Since the number (30.0625) is positive, its IEEE single-precision representation will be:

0 1000 0011 11100001 0000 0000 0000 000

Now, let us proceed in the reverse direction. Let us represent the following 32 bits in IEEE single
precision as a decimal number:

0 10000011 11100001 0000 0000 0000 00O

They can be decomposed as follows:

(—1)° x 2010000012 e 9=127 5 (1 111 000 01),
— 2131 % 27127 % (20 4 271 + 272 4 273 + 278)

=16 x 1.87890625 = 30.0625

Thus, we obtain the decimal representation (30.0625) in single precision.

The elementary operations are addition, subtraction, multiplication, and division. Let z and
y be two real numbers. These operations are performed in floating-point arithmetic as follows:

r+y = fU(fl(x) + fi(y))

z—y = fI(fl(x) = fl(y))
z+y = fI(fl(x) + fl(y))
zxy = fI(fl(x) x fl(y))

Remark 9 One must be more careful with addition and subtraction. First, zeros are added to
the mantissa of the number with the smaller exponent so that both exponents become equal. Then,
the usual operation is carried out, and the result is expressed in floating-point notation.
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Example 9 We choose n =4,

a) (0.4035 x 10°) x (0.1978 x 107) = f1(0.4035 x 10% x 0.1978 x 107)
= f1(0.0789123 x 10°)

= f1(0.789123 x 10*)
= 0.7891 x 10*
b) (0.56789 x 10%) + (0.1234321 x 10) = f1(0.0056789 x 10° + 0.1234321 x 10)

= f1(0.129111 x 10°)

= 0.1291 x 10°

1.4 Truncation Errors

Truncation errors are the main category of errors. The order of a method depends on the number
of terms used in the appropriate Taylor expansions. It is therefore essential to review Taylor
expansion in detail, since it constitutes the fundamental tool of numerical analysis.

1.4.1 Taylor Expansion in One Variable
Definition 4 The Taylor polynomial of degree n of the function f(x) around xy is defined by:
f'(2o) f"(@o)

P,(z) = f(xo) + T(a:—xg) + T(ac —z0)?+ ...+

f™(x0)

n!

(x —x)" (1.4.1)

where f™(z) denotes the nth derivative of f(z) at xo.

This polynomial provides an approzimation of the function f(x) in the neighborhood of xo. How-
ever, there is no equality in the strict sense, since using Equation (1.4.1) to estimate f(x) will
result in an error.

Theorem 1 Let f(x) be a function having (n + 1) continuous derivatives on the interval [a,bl,
and let x and xy be two points in this interval. Then,

f(z) = Py(x) + Ry () (1.4.2)
where P,(x) is the Taylor polynomial (1.4.1), and R, 1(x) is the committed error, given by:

R,1(z) = fg;i—fi)ﬁ))(x — o)z < E(x) <z (1.4.3)

Remark 10 e Fquation (1.4.2) is an equality and becomes an approzimation only when the
error term s neglected.

o The error term of equation (1.4.3) becomes larger as x moves away from xo due to the factor
(.I' _ xo)n-i-l_
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e Conversely, for a value of x close to xq, the error term of equation (1.4.3) becomes smaller
as n Increases.

e [t is known that the point &(x) exists and varies with x, but its exact value is not known.
Therefore, it is not possible to evaluate the error term exactly. At best, one can find an upper
bound in most cases.

e A truncation error is made whenever the Taylor expansion is used and the error term of
equation (1.4.3) is neglected.

Example 10 (Approximating sin(w/6)) Using taylor expansion for xo =0 and f(x) = sin(z)

[ T L

The ezxact value is given by sin(m/6) = 0.5

n  Polynomial P,(7/6) Approzimation Truncation Error
| sin(w/6) — P, (7/6)]

1 n/6 0.5236 0.0236

6 3
3 w/6— (Wé') 0.499674179 3.25 x 1074

ey
5 Py(n/6) + (Wé,) 0.500002132 213 x 106

6 7

7 Ps(m/6) - (Wé,) 0.499999991 8.13 x 107°

1.5 Solved exercises

Exercise 1.1 1. Ezxpress the following signed integers
+125, —125,—100
i an 8-bit binary form using

e a) The sign representation.

e ) The two’s complement.
2. Conwvert the binary numbers
00 000 011, 10 000 001 and 11 111 111
into dectmal form according to

e o) The standard binary representation.
e b) The sign representation.

e ¢) The two’s complement.
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Solution
1. Express the following signed integers in an 8-bit binary form using:
a) Sign representation:
(+125),, = (01 111 101),

(—125),, = (11 111 101),
(—100),, = (11 100 100),

b) Two’s complement:
(+125),, = (01 111 101),

(—125),, = (10000 011),
(—100),, = (10 011 100),

2. Convert the following binary numbers into decimal form according to:
a) Standard binary representation:

(0000 0011), = (3)10

(10 000 001), = (129)19
(11111 111), = (255)19

b) Sign representation:
(0000 0011), = (+3)10

(10 000 001), = (—1)10
(11111111), = (~127)10
c¢) Two’s complement:
(0000 0011), = (+3)10
(10 000 001), = (—127)1
(11111 111), = (—1)y

Exercise 1.2 Conwvert the following decimal fractions into binary form

3
a) 0.5, 0)0.2, ¢ 3
Solution
Let us convert the following decimal fractions into binary form:
a)
05x2=1—>d =1
Thus

(0.5), = (0.1),
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& 02x2=04=0+04—d, =0
04x2=08=0+08—=dy=0
08x2=16=1+06—=ds=1
06x2=12=14+02—d,=1
02x2=04=0+04—d;=0
04x2=08=0+08—=>ds=0
08x2=16=1+06-—d;=1
Thus

(0.2);, = (0.001 100 110 011......),

c) We have ;
§:0.375
0375 x2=075=04+0.7—d, =0
0.75x2=15=1+05—=dy =1
05x2=1—=>d3=1

Thus

(g) = (0.011),

21

a) —52.234375, b) 16.2

Exercise 1.3 Convert the following numbers into IEEFE single precision

Solution

a) First, the integer part (52)19 becomes (110 100), in binary form.

Now, the fractional part:

0.234375 x 2 = 0.46875 = 0 4 0.46875 — d; =0

0.46875 x 2 =0.9375 =0+ 0.9375 = dy = 0
09375 x2=1875=1+0875 = d3 =1

0875 x2=1.75=140.75 = dy = 1
0.75x2=15=1+05—=ds=1
05x2=1—dg=1
Hence (0.234375),, = (0.001 111),.
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Therefore,
(52.234375)19 = (110 100.001 111), = (1.101 000 011 11), x 2°.

The mantissa is normalized and the leading 1 left of the binary point is not stored in memory.
The exponent 5 is biased by 127 to become 132 = (1000 0100)s.
Since the number (—52.234375) is negative, its IEEE single-precision representation is:

1100 0010 0101 0000 1111 0000 0000 0000
b) First, the integer part (16)9 becomes (10000), in binary form.
Now, the fractional part (we observe the pattern repeats):
02x2=04=0+04—d =0

04%x2=08=0+08—dy=0
08x2=16=1+06-—d;=1
06x2=12=1+02—d,=1

Thus the computation is periodic and
(0.2)10 = (0.0011 0011 0011 - - - ).
Hence
(16.2)10 = (10 000.0011 0011 0011); = (1.000 000 000 1100 11001),, x 2°.

The mantissa is normalized and the leading 1 left of the binary point is not stored in memory.
The exponent 4 is biased by 127 to become 131 = (1000 0011)s.
Since the number (16.2) is positive, its IEEE single-precision representation is:

0100 0001 1000 0001 1001 1001 1001 1001

Exercise 1.4 Give the floating-point representation in base 10 of the following numbers (round
keeping 4 digits in the mantissa,).

, D) 12,487 x 10°, ¢) 2000.1

| =

a)

Solution
Let us give the representation in floating-point notation in base 10 of the following numbers
(rounded to keep 4 digits in the mantissa):

a)
1
6= 0.166666666 — 0.1667 x 10°
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b)
12.487 x 10° = 0.1249 x 107

c)
2000.1 = 0.2000 x 10*

Exercise 1.5 Compute a sum of positive terms using two methods:

1
5%:1+Z;ﬂ+i

What can we observe?

Solution
Let us compute the following sum of positive terms

—~ 1
S”:1+;z’2+i'

We can evaluate this series analytically using partial fractions. Indeed:

"1 " /1 1
S, =1 =1 _—

—1+11+11++11
N 2 2 3 n n+1

B 1
B n+1
First method:
One can compute this sum directly:
1 1 1
Sin=14=-4+-+-+——.
b * 2 * 6 L n?+n
Second method:
In this approach we sum in the reverse order:
1 1 1
Son = e =+ =+ 1.
= b g

The results computed for different values of n are summarized in the following table:

n Sin Son Exact value of S,
99 | 1.989 999 890 | 1.990 000 010 1.99

999 | 1.999 001026 | 1.999 000072 1.999

9999 | 1.999 791980 | 1.999 899 983 1.9999
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We notice that S, ,, is more accurate than Sy ,. This is due to the fact that when summing as
in 51, we accumulate intermediate partial sums; consequently S;, becomes progressively larger

relative to the terms and we end up adding a very large number and a very small number

P2 41
(an operation to be avoided in floating-point arithmetic).
Conversely, when summing as in S5 ,,, the intermediate sums grow while the terms being added

also grow during the summation, so the previous harmful phenomenon does not occur.

Exercise 1.6 1. Give the 4th and 6th order taylor expansion of cos(x) around m
2. Calculate the approzimate value of cos(5m/6).

3. find the relative truncation error in each case.

Solution
Let f(x) = cos(z). The derivatives at © = 7 are:

f(ﬂ—) _17 f,(ﬂ-> = O» f”(ﬂ') =
) =0, fOm) =1, [O(r)=

Thus, the Taylor expansion around 7 is:

1 o 1 4 6
cos(x):—1+§(x—7r) —ﬂ(x—ﬂ') + —(z—7m)°—--.

(1) Taylor polynomials.

Ti(w) = —1+ 50— = oole =)’
Ts(x) = Tu(z) + %(z —)°.

(2) Approximation at . =27, Leth=z—m = —

e

ot

Ty(3F) = =1+ ih* — 5;h* ~ —0.866053883,

Ts(3F) = Ty + =55h° ~ —0.866025264.

Exact value:
cos(3) = —cos(Z) = %2 ~ —0.866025404.
(3) Errors.
Ey = |cos(51/6) — Ty| ~ 2.85 x 1077,
Eg = | cos(5m/6) — Tg| ~ 1.40 x 1077,
E,
RelErry = ———— ~3.29 x 107°
e | cos(5m/6)| 8 ’
Eg

% ~161x1077.
| cos(5m/6)|

RelErrg =
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Order Taylor Polynomial Approximation  Exact Value Relative Error
4 -1+ %(a: —m)? — i(:c —m)1  —0.866053883 —0.866025404  3.29 x 1075
6 T, + ﬁ(m —m)® —0.866025264 —0.866025404  1.61 x 10~

Conclusion. The 6th-order Taylor expansion provides an excellent approximation of cos(57/6),
reducing the relative error from about 3 x 1075 (4th order) to about 1.6 x 10~7 (6th order).
Increasing the order of the polynomial significantly improves the accuracy near the expansion
point.



Chapter 2

Iterative methods and discrete dynamical
systems

2.1 Introduction

Dynamical systems were developed and specialized during the 19" century. They initially
concerned the iteration of continuous mappings and the stability of differential equations. But
progressively, as mathematics diversified, dynamical systems broadened considerably.

From the 1920s up to the present, dynamical systems (especially discrete-time dynamical sys-
tems or those given by recurrence relations) have played a very important role, since they have
applications in many scientific disciplines. For example: physics (celestial mechanics, weather), bi-
ology (population dynamics), chemistry (chemical kinetics), electronics (electronic circuits), com-
puter science (image processing), cryptography (message and image encryption), economics, etc.

Dynamical systems are mathematical notions that allow us to model phenomena evolving in
time. Such phenomena may arise from physics, mechanics, economics, biology, ecology, chemistry,
and more.

We distinguish two types of dynamical systems: continuous-time systems and discrete-time
systems. The discrete dynamical system has great practical importance and can also be used as
an approximate model for the study of continuous systems.

In this chapter, we will see how simple iterative methods, such as fixed-point methods, can
lead to systems with complex behavior.

2.2 Dynamical System
A dynamical system is a mechanical, physical, economic, environmental, or any other type of
system whose state (a set of quantities sufficient to describe the system) evolves over time. The

study of the evolution of such a system therefore requires the knowledge of:
e its initial state, that is, its state at the instant ¢,

e its law of evolution.

Definition 5 A dynamical system described by a mathematical function involves two types of
variables: dynamic and static. The dynamic variables are the fundamental quantities that change
over time, while the static variables, also called system parameters, remain fived.

Definition 6 A dynamical system is defined by a triplet (X, T, f) consisting of the state space X,
the time domain T, and a state transition function f : X x T — X, which satisfies the property

26
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that for allz € X and t,s € T':

{ f(z,0) =z
f(f(xat)a‘S) = f(:L’,t+S)

Two main categories of dynamical systems are distinguished: continuous-time systems and
discrete-time systems. If T'= R, or R, the system is said to be continuous-time, and if T' =N or
7., the system 1s said to be discrete-time.

2.2.1 Continuous Dynamical System

A continuous dynamical system is described by a set of first-order or higher-order ordinary
differential equations (ODEs), where the state variables evolve as a function of continuous time.
In general, a continuous dynamical system can be defined as follows:

dx

% - f(‘T? t)
where = € R™ (x(t) is a vector of state variables, with ¢ being continuous time), and f(z,t) € R™
is a function that determines how the state variables change depending on their current values x
and on time .
Example 11
A simpler example of a continuous dynamical system is the evolution of the temperature of an
object being heated or cooled over time. Suppose we have an object whose temperature T'(t) evolves
as a function of time t. This temperature evolution can be described by a simple differential
equation, for instance:

drl
E = _k<T - Tenvimnment)
whege
o represents the rate of change of the temperature with respect to time t, i.e., the heating or

cooling rate,

k is a constant depending on the properties of the object and the environment,

T is the temperature of the object at a given time,

Tenvironment 1S the environmental temperature (for example, the ambient temperature).

This differential equation describes how the object’s temperature changes depending on the
difference between its current temperature and the environmental temperature. When the object’s
temperature differs from the environmental temperature, the object will heat up or cool down at a
rate proportional to that difference.

2.2.2 Discrete Dynamical System

A discrete dynamical system is a mathematical model that studies how a system evolves over
time at distinct time steps, using recurrence equations or transition rules to describe these changes.

In the discrete case, a dynamical system is represented by a mapping (iterative function) of
the form

Tpy1 = f(ok)
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where f € R™ describes the dynamics of the system in discrete time.
Example 12
Logistic growth models are a first refinement of Malthusian models, in which the population growth
rate saturates with the number of individuals. Thus, the population cannot reach an infinite size:
it is limited by a mazimum size called the carrying capacity (biotic capacity of the environment).
The value of the carrying capacity depends on the environment in which the population evolves
and is generally related to the depletion of resources.

In discrete time, the population size can be modeled by the logistic map, which is defined as:

X
Xiy1 =1Xy (1 - #)

where

X, 1s the number of individuals in a given population at time t.

r = (n —m) is the natural growth rate, where n is the birth rate and m is the death rate.
K is the carrying capacity of the environment.

2.2.3 Autonomous and Non-Autonomous Dynamical Systems

e A discrete autonomous dynamical system is a system in which the evolution depends only on
the current values of the state variables, with no explicit introduction of a time parameter.
Discrete autonomous dynamical systems are often modeled by recurrence relations of the
form:

Tny1 = f(Tn)

where x,, represents the state of the system at time n, x,,; represents the state at time n+1,
and f(z,) is a function that depends only on the current value. These systems are commonly
used to model phenomena in areas such as discrete dynamical systems in computer science,
discrete epidemiological models, etc.

Example 12 represents a discrete autonomous dynamical system.

e A discrete non-autonomous dynamical system is a system in which the evolution of the state
variables depends both on their current values and on a discrete time parameter. Unlike
autonomous discrete systems, time is an explicit variable that influences the evolution of the
system. The recurrence relations describing a non-autonomous discrete dynamical system
are of the form:

Tpt+1 = f(xm t)

where z,, represents the state of the system at time n, x,,; represents the state at time
n+ 1, and f(z,,t) is a function that depends on both the current value and the discrete
time. These systems are commonly used to model phenomena that vary over time in a
non-autonomous manner, such as systems subject to periodic or seasonal variations.

Example 13 A common example of a non-autonomous dynamical system is a weather model
that takes into account diurnal temperature variations. In this case, time (in hours) significantly
influences the behavior of the system. A simplified model of such a system is given by:

Toy1=Th+ Atf(Tm tn)
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where

T, is the temperature at time t,

At is the time interval between measurements (for example, 1 hour),

f(Tn,tn) is a function that depends on the current temperature T, and the time of day t,,.

In this model, the temperature at a given moment depends not only on its current value but also
on the time of day. For example, during the day, the temperature may increase due to exrposure
to sunlight, while at night, the temperature may decrease. This periodic variation is an example
of a non-autonomous dynamical system, since time (the time of day) is an explicit variable that
influences the evolution of temperature.

2.2.4 Fixed Point

The notion of equilibrium points is important in the study of the dynamics of any physical system.
It is desirable that all states (solutions) of a given system tend toward its equilibrium state
(equilibrium point).

Definition 7 The fized point of a dynamical system xp1 = f(x) is T € R such that

fl@) =z

where f: R — R s a differentiable function.
These points are also called stationary points or equilibrium points.

2.2.5 Stability of the Fixed Point

Definition 8 (One dimensional case)

Xt+1 - f(Xt) ,t 6 N
{ Xo 1S GLven (2.2.1)
Suppose that f: R — R and X a steady state of (2.2.1)
X is said to be locally asymptotically stable if:
1. Stability: Ve > 0,30 > 0 such that
| Xo—X|<d=|Xi—X|<e VE>0
2. Attractivity: 30, > 0 such that
| Xo— X| <6y = lim X; = X
t—o0
X s said to be unstable if it is not stable.
Definition 9 (Multidimensional case)
Xt+1 = f(Xt) ,t 6 N
{ Xy 1S gLven (2.2.2)

Suppose that f:R" = R" and X a steady state of (2.2.2)

X is said to be locally asymptotically stable if:
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Figure 2.1: We took the following parameters a = 0.5, Xy = 2
0 is said to be locally asymptotically stable.

1. Stability: Ve > 0,30 > 0 such that
| Xo - X||<d=||X;— X||<e Vt>0

2. Attractivity: 30, > 0 such that
| Xo — X|| < da :>tlim X=X
—00

X is said to be unstable of 4t is not stable.

2.3 Linear Discrete Dynamical Systems

Definition 10 Recall that f is said to be linear and we denote f € L(R™) if:
1. VX)Y eR", f(X+Y)=f(X)+ f(Y)
2. VX €R", Ya € R, f(aX) = af(X)

Definition 11 A discrete dynamical system is said to be linear if f € L(R™). It is non linear
otherwise.

Example 14 If the one dimensional case (n = 1), any linear map [ takes the form f(X,) = aX;
with a € R*

Xy =0 for all t € N 1s a solution.

Furthermore, f(0) =0, thus & =0 is a steady state.

f(Xy) =aX, = X, = d' Xy and

0 Iflal <1

tht:{oo Ifa>1

t—o0

The four cases a < —1,—1 <a <0,0<a<1 anda > 1 are depicted in figures 2.1-2.)

Definition 12 A linear discrete dynamical system can be expressed as

{ XtJrl = AXt T,UZth, A€ Mn(R)

Xo 1S given (2.3.1)

Where A = M(f)
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Figure 2.2: We took the following parameters a = —0.5, Xy = 2
0 is said to be locally asymptotically stable. We say that X; shows a damped oscillation behaviour.

Figure 2.3: We took the following parameters a = 2, Xy = 2
0 is said to be unstable.

Figure 2.4: We took the following parameters a = —2, Xy = 2
0 is said to be unstable.We say that X; shows a growing oscillation behaviour.
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Figure 2.5: As shown in example 15, the origin (0,0) is locally asymptotically stable.

Theorem 2 1. If p(A) < 1, then the origin is locally asymptotically stable. Furthermore, if
etgenvalues are complex, X; shows damped oscillation behavior.

2. If p(A) > 1, then the origin is unstable. Furthermore, if eigenvalues are complex, X; shows
growing oscillation behavior.

Example 15 Let the following linear system
{ Xt+1 = AXt ’U)Zth, A S Mn(R)

Xo 1S grven

. 0.7 0.2
with A= {4 o5

A = 0.7732, Xy = 0.4268 and p(A) = 0.7732 < 1
Thus, the origin (0,0) is locally asymptotically stable.
The resulting graph can be found in figure 2.5

Example 16 Let the following linear system

XtJrl = AXt ?,UZth, A€ Mn<R)
Xo 15 given

| 0.5 —0.7
with A = (0.7 0.5
A1 = 0.5000 + 0.70004, A = 0.5000 — 0.7000i and p(A) = 0.8602 < 1

Thus, the origin (0,0) is locally asymptotically stable. But since the eigenvalues have imaginary
parts, we observe damped oscillations as illustrated in figure 2.7.

Example 17 Let the following linear system

Xt+1 = AXt 'LUZth, A€ MH(R>
Xo 1S given

‘ 1.5 04
with A= (0.2 1.3
A =17, Ay =1.1 and p(A) = 1.7 > 1 Thus, the origin (0,0) is unstable.
The resulting graph can be found in figure 2.7
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Figure 2.6: As shown in example 16, we observe damped oscillations .

Figure 2.7: As shown in example 17, the origin (0,0) is unstable.
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Figure 2.8: As shown in example 18, the origin (0, 0) is unstable and the solution shows a growing
oscillation behaviour.

Example 18 Let the following linear system
{ XtJrl = AXt U)Zth, A€ Mn<R)

Xo 1S glven

. 11 08
WMA_(QS'M

A1 = 1.1000 + 0.8000¢, Ay = 1.1000 — 0.8000¢ and p(A) = 3.4225 > 1 Thus, the origin (0,0)
158 unstable. But since eigenvalues have imaginary parts, the solution shows a growing oscillation
behaviour as illustrated in figure 2.8.

2.3.1 Linearization Method for nonlinear systems

Definition 13

{Xm:ﬂ&)JGN (2.3.2)

Xo 1S grven
With f - R — R,
Suppose that X is a steady state of 2.5.2
LetY, = X, — X, then
Yo =Xpp — X
:f(Xt) - X

Definition 14 The Taylor development of f around X gives:
fX) = F(X) + f(X)(X = X)

Yin I@Jrf(X)(Xt;X)—X
X a t

= Y1 =aY; (%)
(*) is said to be the linearized version of (2.5.2).
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Figure 2.9: We took the following parameters r = 0.1, K = 100, Ny = 35
0 is said to be unstable and K is stable.

Theorem 3 1. If |f’(X)\ < 1, then & s localy asymptoticaly stable.
Furthermore, if —1 < f'(X) <0, X; shows damped oscillation behaviour.

2. If |f’(X)| > 1, then & is unstable. Furthermore, if f/(X) < —1, X; shows growing oscillation
behaviour.

Example 19 The discrete logistic equation is given by

N,
Nt+1 —TNt<1—?t>+Nt ,tEN

Ny 1S given

(2.3.3)

Where:
r: Growth rate
K: Carrying capacity
Ny: Initial population
The system has two equilibria Ny = 0 and N5 = K.
2

Since f'(x) =141 — %x, then:
f[0)=1+rand f'(K)=1—r.
Thus, if r > 0, then f'(0) > 1 and f'(K) < 1.
which implies that 0 s unstable and K s locally asymptotically stable.

On the other hand, if r <0, then f'(0) <1 and f'(K) > 1.
which implies that K is unstable and 0 is locally asymptotically stable.



CHAPTER 2. ITERATIVE METHODS AND DISCRETE DYNAMICAL SYSTEMS

Figure 2.10: We took the following parameters r = —0.1, K = 100, Ny = 35
0 is said to be stable and K is unstable.

Figure 2.11: We took the following parameters r = —1.3, K = 100, Ny = 35
0 is said to be stable and K is unstable.
The trajectory shows a damped oscillations behaviour.

36
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Figure 2.12: We took the following parameters r = —2.9, K = 100, Ny = 35
The trajectory shows a growing oscillations behaviour.

2.3.2 Linearization Method for nonlinear n-dimensional systems

Definition 15

{ Xt+1 = f(Xt> ,teN (234)

Xo 1S glven

Suppose that f : R" — R" and X a steady state of (2.5.4)

The linearized system associated with (2.5.]) around X is given by:

Vi1 = A,

0fi(X) 90f(X)  9f(X)

axlt_ ath_ 8%111

oh%) 6% on(d)
where A = 0r1; 0Ty 0Ty

OfX) 0f(X)  OflX)

8x1t 81‘2,5 8$nt

Theorem 4 1. If p(A) < 1, then & is localy asymptoticaly stable. Furthermore, if eigenvalues
are complex, X; shows damped oscillation behaviour.

2. If p(A) > 1, then T is unstable. Furthermore, if eigenvalues are complex, X; shows growing
oscillation behaviour.

Example 20 The following system describes a prey-predator model:

Tiy1 = kixy — koxeys
Vo1 = ksy, + kawiy,

xy: Prey population at time t.



CHAPTER 2. ITERATIVE METHODS AND DISCRETE DYNAMICAL SYSTEMS 38

y: Predator population at time t.

ki: Natural growth rate of the prey.

ks: Natural growth rate of the predator.
Let us calculate the steady states;

¥ = kit — kxty®

Ey(0,0) is a steady state.

. . 1 = ki —ky*
Now suppose x* # 0 et y 7&0:>{1 S A
1 — ks ky—1
:> * — d * —
x ™ and y kz
1—Fky ki —1
E. ( ’ 3, 1}{ ) 18 called the coexistence steady state.
4 2

The jacobian at equilibrium is given by:

. k’l — kgy* —kgl'*
J(E) N ( /{743/* kg + /{74l'*>

(5 0)

Thus, the eigenvalues are ki and k3.
At coexistence state,

ki —1 1—k
- key — ko lk —hy— &
J(E,) = 2 4
¢ —1 1—
k4 klk ks + k4 i
2 4
] k, 1 — ks
= k-1 i
by — 1
T
The characteristic polynomial is given by:
1—k
1-X ke
Py(X) = det(J(E) = XI)=| ;. _ s
k4 ? 1-X
2

=(1 = X)* + (ki = 1)(1 — ks)
=X?—2X + 1+ (ks — 1)(1 — k3)

First scenario

We choose ki = 1.09, ko = 1075, k3 = 0.75, ks = 5 x 1076

and xo = 53000 1o = 9000.
Since k1 > 1, then the origin Ey is unstable.
At coexistence state,we obtain two eigenvalues Ay = 1 + 0.15¢ and Ay = 1. — 0.15¢, thus the
coexistence steady state is unstable.
Furthermore, the solution will show growing oscillations since eigenvalues are compler as shown
i figure 2.13. The corresponding phase portrait is depicted in figure 2.1/
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Figure 2.13: The graph shows growing oscillations behaviour.
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Figure 2.14: Phase portrait corresponding to scenario 1

Second scenario
We choose ki = 0.59, ko = 1072, kg = 0.75, ks = 5 x 107¢ and x¢y = 53000 1y, = 9000.
Since k1 < 0 and k3 < 1, then the origin Ey s locally asymptotically stable.
At coeristence state,P;(X) = X? — 2X + 0.8975 and we obtain two eigenvalues \; = 0.6798 and
Ao = 1.32, thus the coexistence steady state is unstable.
The resulting graph is shown in figure 2.15



CHAPTER 2. ITERATIVE METHODS AND DISCRETE DYNAMICAL SYSTEMS 40

50000
8000

40000
B000

30000
4000

20000
10000 2000
o o

E? 1ICI 2I0 3;3 4;3 5:0 o 10 20 30 40 50
(a) x4 graph (b) y: graph

Figure 2.15: The graph shows a rapid decay to zero.

2.4.2.2-Stability of a Non-Hyperbolic Fixed Point

Definition 16 A fized point T of (2.2.2) is said to be hyperbolic if |f'(Z)| # 1. In the case where
|f'(Z)| =1, & is said to be non-hyperbolic.

We can use the following theorem to study the stability of the fixed point.

Theorem 5 Lel T be a fived point of the system (2.2.2) with f € C3, |f'(Z)| =1, and f"(z) = 0.
Then:

o If f"(z) > 0, the fized point T is unstable.

o If f"(z) <0, the fized point T is asymptotically stable.
Example 21 Consider the dynamical system x4, = x5 + x;. We have:
f@)=z2=>7+7=17
=x=0
We compute:
f'(a) = 32" +1, so f'(0) =
f'(z) =6z, so f'(0)=0
/" (x) =6, so f"(0)=6>0
Thus, according to Theorem 5, we deduce that the fized point T = 0 is unstable (see figure 2.16).

Example 22 Consider the dynamical system x4, = —x3 + x;. We have:
f@)=z=>-+1=2
=x=0
We compute:
fl(x) = =322 + 1, so f'(0) =
f"(x) = =6z, so f"(0) =0
f"(x) = =6, so f"(0)=—-6<0

Thus, according to Theorem 5, we deduce that the fized point T = 0 is asymptotically stable (see
figure 2.17).
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2.4 Recalls on Eigenvalues and Eigenvectors

Eigenvalues play a fundamental role in understanding fixed-point methods in multiple dimen-
sions. In this section, we recall the main definitions as well as the power method, which allows
the computation of some eigenvalues of a matrix and their corresponding eigenvectors.
Definition 17 If A is an n-dimensional matriz, its characteristic polynomial is defined by

P(\) = det(A — \I)
where I s the identity matrizx.
The polynomial P(\) is of degree n and has n roots, either real or complex conjugates.

Definition 18 The roots (or zeros) of the characteristic polynomial are called the eigenvalues of
the matriz A.

Once the eigenvalues are determined, we find the eigenspace associated with each eigenvalue
by solving the linear system
(A= X)v=0.
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Let us recall some basic properties of eigenvalues and eigenvectors.
If we denote by A; and v; the n eigenvalues and eigenvectors of a matrix A, then the eigenvalues

of the matrix A=! are —, while the eigenvectors remain the same. Indeed, if
i

Av; = i,

multiplying both sides on the left by A~! gives

vV = )\iAflvi
1
= A_l i = —U;.
(Y )\iU

The computation of the eigenvalues and eigenvectors of a matrix is a difficult problem, partic-
ularly for very large matrices. In the following section, we introduce some techniques to compute
a few of the eigenvalues.

2.4.1 Power Method

For large matrices, it is impractical to compute eigenvalues by determining the roots of the
characteristic polynomial. Often, it is only necessary to compute a few eigenvalues, namely the
smallest or largest in absolute value. This allows us to determine the most important natural
frequencies of a vibrating system and, of course, to deduce the fundamental modes. Finally, let us
recall that there exist many techniques for computing eigenvalues, but the power method is the
most widely used.

We need a few definitions to introduce the power method.

Definition 19 Let E be a real vector space. A scalar product on E is an application (.,.) from
E x E to R such that

(U V) =UV =) uu,
i=1
which is called the canonical scalar product.

Definition 20 (Orthogonal Vectors)
Two vectors u and v in the space are orthogonal if and only if u-v = 0.

Definition 21 (Orthonormal Set)
A set F' = (uy,...,ug) is orthonormal if all its vectors are pairwise orthogonal and of norm 1,
that is:

(wi,uj) =0 fori#j and |u|| =1 for1 <i<k.

Definition 22 (Orthonormal Basis)
A set is an orthonormal basis if it is an orthonormal set that also forms a basis of the space.

Definition 23 (Matriz Norm)
A square matriz of order N is given by N? real (or complex) numbers, and can therefore be
wdentified as an element of]RNQ. This provides a norm on the space of matrices. Thus, if A = [a;;],

we have )
N 3
|All, = <Z a?j> :

ij=1
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We assume that the n-dimensional matrix A is symmetric. This ensures that the eigenvalues
are real and allows us to assert that there exists an orthonormal basis of eigenvectors, which we
denote by v; for j ranging from 1 to n. Thus, we have:

Avj=Xjuj, 1<j<n
vj-v; =0, 1#]
Uj'Uj:1, 1§j§n
Furthermore, we assume that the eigenvalues \; of A satisfy:
Al < Ao < [As] <0 <A

In other words, the largest eigenvalue (in absolute value) is strictly greater than the other eigen-
values and therefore has multiplicity 1, i.e., it is a simple root of the characteristic polynomial P(\).

We will construct a sequence of real numbers v; and a sequence of vectors y; converging re-
spectively to the largest eigenvalue A, of A and an associated eigenvector v,. The power method
algorithm then takes the following simple form:

Power Method Algorithm:

1. Given ¢, a stopping criterion
2. Given N, the maximum number of iterations

3. Given xg, an arbitrary vector, and vy, a real number

W

. Perform for ¢ from 1 to N:

® I, = AZL‘Z‘_l

Ly
°y=——
Dl
Az -
vi = : Qz:Ayi'yi
3l

Vi — Ui
o If % < e: convergence reached, stop
Vi
e [f i = N: maximum number of iterations reached, stop

Convergence of the Power Method Algorithm:
We start by expressing the initial vector zy in the basis of eigenvectors. We thus have:

n
o = E Q;Vj.
J=1

Here, we must make the assumption that oy # 0, i.e., that the vector z( is not orthogonal to
the first eigenvector v;. If this is not the case, another vector xg must be chosen. We then have:

n n
T, = ASL’Q = E OéjAUj = E Oéj)\j'l}j,
j=1 j=1
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and similarly,
n n
To = AQJl = A2l’0 = E Oéj)\jAUj = E ozj)\?vj,
j=1 j=1
and by recurrence,
n n
€T, = Azl'() = E OéjAZ’Uj = E Oéj)\;-Uj.
j=1 j=1

By the orthonormality of the eigenvectors v;, we have on one hand:
n
llly = i s = 3 ol
j=1
and on the other hand,

n o [ A; 2i+1
no 9y2itl o2 (M

A1
Vv, = o — = Aq — .
2\2¢ 21
Ti - Zj:l A S a2 (ﬁ)
J

_ \ 2i+1 N\ 2
Since i—i < 1 for j # 1, the limits as 1 — oo of (i—i) and ()‘—i) tend to 0. Therefore, we
have
lim v; = Ay,
71— 00

which is the largest eigenvalue we were seeking.

Consider a dynamical system where f : R® — R" is a continuous function. Assume that X is
a fixed point of this dynamical system.

Let V : R" — R, the variation of f with respect to the dynamical system (2.3.1), be defined
by
AV(Xy) = V(f(Xy) = VI(Xy) = V(X)) = VI(X0).

Definition 24 Let G be an open subset of R". A function V' from G to R is called a Lyapunov
function on G if:

1. 'V is continuous on G.

2. AV(X,) <0, VX,11, X, € G.

Definition 25 The Lyapunov function V' is said to be positive definite at the fized point X if
there exists an open ball B.(X) centered at X with radius € (B(X) ={Y e R" | | X =Y <¢€})
such that:

1. V(X)=0.
2. V(X;) >0 for all X; € B(X), X; # X.
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Theorem 6 If there exists a Lyapunov function V' on an open ball B.(X) that is positive definite
at the fived point X of (2.5.1), then X is stable. Moreover, if AV (X;) <0 for all Xy, Xi11 € G,
Xy # X, then X 1is locally asymptotically stable.

Example 23 Consider the dynamical system
Tpt+1 = CL’%L

We have
= 052" = z(1 - 0.527) =0

=ox=0o0rx=2

Thus, the fized points of this system are 1 = 0 and Ty = 2.

Define the function
V(z) = =2°.

()

1
= 5(\/,1)2 <V(xn), YT, Tp41 €R.

The function V is continuous on R, and

V(In-&-l) =

N | —

Hence, V' is a Lyapunov function.

We also have V(z1) = 0 and V(x,) > 0 for all z,, € R, x, # 7.
Thus, V is positive definite, and according to Theorem 5, the fixed point T, = 0 is asymptotically
stable.

For the point To = 2, we have V (Z3) # 0, so V' is not positive definite at To = 2, and therefore
it 1s not stable.

2.5 Solved exercises

Exercise 2.1 Solve the nonlinear discrete dynamical system that represents temperature
control in an electric oven.

Tn]

Uln]

where T'[n| represents the temperature at time n,
T'[n — 1] represents the temperature at the previous time step,
and Uln| is the power input applied to the oven at time n.

5T[n — 1]+ 0.2U[n — 1]

820 — 7] (2.5.1)

0.
0.
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Solution

Step 1: Find Equilibrium Points

At equilibrium, we have T'ln| = T'ln — 1] = T* and U[n| = U[n — 1] = U*. Substituting into
the system:

T* = 0.5T* + 0.2U*
U* = 0.8(20 — T*)

From the first equation:
T — 05T =02U" = 057" =02U" = U* =2.5T"
Substitute into the second equation:

25T = 0.8(20 — T*) = 2.57* = 16 — 0.8T"

16 160
95T + 08T = 16 —> 3.3T" = 16 —> T* = — — — A 4.8485
33 33
Then: 160 400
f 95w 2 =20 1912192
Ul=25x 55 =33
160 400
Equilibri int: (7% U*) = [ — 22
quilibrium point: (7%, U*) ( 33 33 )

Step 2: Stability Analysis
Rewrite the system in matrix form. From:

Tn] =0.5Tn —1]+0.2U[n — 1]
Uln] = 0.8(20 — T'[n]) = 16 — 0.8T[n]
Substitute T'[n] into the second equation:
Uln] = 16 — 0.8(0.5T[n — 1] + 0.2U[n — 1]) = 16 — 0.4T[n — 1] — 0.16U[n — 1]

Thus, the system becomes:
ERCACI N

The Jacobian matrix is:

0.5 0.2
1= l—0.4 —0.16]

Eigenvalues of J:

0.5 =X 0.2

det(J — M) = det { 04 —0.16 —

] =(0.5—-X)(—0.16 — A\) — (0.2)(—0.4)

=-XN034-X)=0 = M\ =0, \N=034

Both eigenvalues satisfy |A\| < 1, so the system is stable.



CHAPTER 2. ITERATIVE METHODS AND DISCRETE DYNAMICAL SYSTEMS 47

Exercise 2.2 Solve the following linear discrete dynamical system:

Tipr1 = —T1e + Tay
Top41 = —Toy (2.5.2)
T3p41 = —3T3y
Solution
Step 1: Find Equilibrium Points
At equilibrium, we have x4 = 21, = 27, o1 = oy = x5, and x31 = T3 = T
Substituting into the system:
* * *
T = —T] + x5
* *
* *
T3 = —373
Solving each equation:
* *, * *
o I'rom 75 = —a5: 225 =0 =25 =0
ko *, * *k
e From 25 = —325: 425 =0= 25 =0
e rom 2] = —2] + 25 22] =25 =0= 27 =0

Equilibrium point: (z7, 23, 23) = (0,0,0)
Step 2: Stability Analysis
The system can be written in matrix form:

T1t4+1 -1 1 0 L1t
Tot+1 | = 0 -1 0 Tt
T3 t+1 0 0 -3 T3t

The eigenvalues of the matrix are:

—1-Xx 1 0
det | 0 ~1-Xx 0 = (=1 -=XN*(=3-X\)=0
0 0 —3-X

= A\ = —1 (double), Xy = -3
For discrete dynamical systems, stability requires |A| < 1 for all eigenvalues. Here:
e |\ =1 (marginally stable)
e [\ =3 > 1 (unstable)

Conclusion: The system is unstable due to [Ao| =3 > 1.
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Exercise 2.3 Consider the following nonlinear discrete dynamical system:
(2.5.3)

1. Find the fixed points of the system (2.5.3).

2. Study the stability of the system.

Solution

1. Fixed points satisfy z[n + 1] = z[n] = z* and y[n + 1] = y[n] = y*. Substituting into the
system:

{x* =1.2z" - 0.1z"y"
y* = 0.62*y* + 0.3y*
Solving the first equation:
" =122" - 012"y = 2"(1 - 1.2+ 0.1y") =0
z*(—0.24+0.1y") =0

This gives two cases:

e Case l: 2z =0

e Case 2: 02401y =0=y* =2
Solving the second equation:
y*=0.62"y" 4+ 0.3y" = y*(1—-0.3-0.62") =0
y*(0.7—0.62") =0
This gives two cases:
e Case A: y* =0
e Case B: 0.7 - 0.6z =0= 2" = ;73

Now we combine the cases:

e Fixed Point 1: From Case 1 (z* = 0) and Case A (y* =0
e Fixed Point 2: From Case 2 (y* = 2) and Case B (z* = I): (£,2)

2. Stability Analysis
To study stability, we linearize the system around each fixed point using the Jacobian matrix.

The system can be written as:

flz,y) =1.20 — 0.1xy
g(x,y) = 0.6zy + 0.3y
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The Jacobian matrix is:
ery) = o o {1.2 — 0.1y —0.1z ]
) — |0 0, -
52 8—Z 0.6y 0.6x + 0.3
Fixed Point 1: (0,0)
Jacobian at (0,0):
1.2 0
J(0,0) = [O 0.3}
Eigenvalues: \y = 1.2, Ay = 0.3
Since |A;| = 1.2 > 1, the fixed point (0,0) is unstable.
Fixed Point 2: (%,2)
Jacobian at (%,2):
(7o) [t2-012)  —01(3) | _[L0 —g
6’ 0.6(2)  0.6(%)+0.3 12 1.0
Characteristic equation:
J D . 7
_ _ 60 | — (1 - )\)2+ - —
det(J — AI) ‘ 1o 1.5 (I—-X)"+ 0 0
Eigenvalues:
7 V14
=14t/ —==1+i—
A V50 10
Magnitude:
2
V14 \/ 14 114
Al =412 — | =3/14+—==1/—=V1.14 = 1.0677
Al * < 10 * 100 100
Since |A| > 1, the fixed point (%,2) is unstable.
Conclusion
Both fixed points are unstable:
e (0,0): Unstable (saddle point)
e (£,2): Unstable (spiral source)
The system exhibits unstable behavior around both equilibrium points.
Exercise 2.4 Consider the following nonlinear discrete dynamical system:
_ /o2
{ o= V2o m (2.5.4)
T2 = \/I_l

1. Find the fixed points of the system 2.5.4.

2. Study the stability of the system and determine the nature of the fixed points.
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Solution

1. Fixed points satisfy both equations simultaneously. Let’s solve the system:

From the second equation: zo = /21 = 21 = :L‘% (since 1 > 0 and x9 > 0)

2 _ / 2
Ty =14/2— x5

Ty=2—15=>25+15—-2=0

Substitute into the first equation:

Square both sides:

Let u = 23, then:
wWtu—2=0= (u+2)(u—-1)=0

Since u = 22 > 0, we take u = 1 = x5 = 1 (taking the positive root since xo = /77 > 0)
Then z; = 23 =1

Fixed point: (z1,25) = (1,1)

2. To study stability, we consider the system as a discrete dynamical system:

{xl[n—i- 1] = /2 — x3[n)?
xo[n + 1] = y/x1[n]

We linearize around the fixed point (1,1) using the Jacobian matrix.
Let:
fl(xla];?) = 2_$%7 f?(xhxz) = V1

The Jacobian matrix is:
dft 0f1 0 X2

.. 9. _ 2
J(w1,29) = [% ggﬁ] = [ 1 V2 xQ]

Evaluate at the fixed point (1,1):

Find the eigenvalues:

-2 -1 1
Eigenvalues:
2 1
\ = ii£ =4
2 '/

The magnitude of the eigenvalues:

A = — ~0.707 < 1

Sl
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Conclusion

e Fixed point: (1,1) is the only fixed point of the system.

e Stability: Since both eigenvalues have magnitude less than 1, the fixed point is locally
asymptotically stable.

e Nature: The eigenvalues are purely imaginary, indicating that near the fixed point, the
system exhibits oscillatory behavior that decays over time (stable spiral in the linear ap-
proximation).

The system will converge to (1, 1) from initial conditions sufficiently close to this fixed point.

Exercise 2.5 Consider the following nonlinear discrete dynamical system:

" oy
L4l = T 5
' 1+z
2t
. Y (2.5.5)
2,t4+1 = 1 +$%t

1. Find the equilibrium points of the system (2.5.5).
Define the following function:

V(zy,29) = 2% + 25

2. Show that it is a Lyapunov function for the system (2.5.5).

3. Study the stability of the system.

Solution

1. Equilibrium points satisty 1 4+1 = 21, = 27 and 29,11 = 79, = x5. Substituting into the

system:
; 3
* —
Pl (a3)?
o O
P ()

Due to the symmetry of the system, we expect symmetric solutions. Let’s solve systemati-
cally:
From the first equation: z3(1 + (z3)?) = 23

From the second equation: z3(1 + (27)?) = z}

Multiplying both equations:
[27(1+ (23)")][23(1 + (21)%)] = 2327

wias(L+ (23)*)(1 + (27)%) = iz}
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If xiz% # 0, we can divide both sides by xjx3:
(1+ (23)")(1 + (27)*) = 1
Expanding:
L ()" + (23)° + (@])*(@3)" = 1
(27)” + (23)* + (27)*(23)* = 0
Since all terms are non-negative, this implies z] = 25 = 0.

Now consider the case where 27 = 0 or 25 = 0: - If 27 = 0, then from the second equation:
x5 =0 - If 25 = 0, then from the first equation: 27 =0

Therefore, the only equilibrium point is (27, z5) = (0,0).

2. Consider the function V(z,xs) = 22 + 3.
We need to show that AV = V(21 441, 22441) — V(214, 224) <O.

CalCulate V($1,t+1 y x27t+1):

2 2
Lot Tt

V(zi41, 7 = : + :

) = (727) + (7247)

2 2
) ! 2 2
<
(Hx%) " (Hx?) ST

Note that for any real number w:

We want to show:

Y = u? < v < u?
T+u2)  (14+u2)? = 14w~
T 2 T 2
2 2 1 2
(r) =7 and (r) =

Adding these inequalities:
x 2 x 2
2 1 2, 2
<
(1+$§> +(1+$%> =T

Thus, AV <0 for all (zq, z3).
Moreover, AV = 0 only when:

2 2
(Hx%) =% and (Hx%) -

These equalities hold only when xy = x5 = 0.

Therefore:

Therefore, V (z1,22) = 3 + 23 is a strict Lyapunov function for the system.

3. Since we have found a strict Lyapunov function V' (z1, z2) that satisfies:
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e V(0,0) =0 and V(zq,22) > 0 for (z1,x2) # (0,0)

o AV (xy,z5) <0 for all (zq,x2), with equality only at (0,0)
By the Lyapunov stability theorem for discrete systems, the equilibrium point (0, 0) is glob-
ally asymptotically stable.

All trajectories of the system will converge to the origin (0,0) regardless of their initial
conditions.

Exercise 2.6 Consider the following nonlinear discrete dynamical system:
Tpy1 = ani - 2abx§ + b2ay,
1. Find the fixed points of the system.

2. Study the stability of the system by describing the nature of the fixed points.

Solution
Consider the following nonlinear discrete dynamical system:

Tpy1 = ani - 2abxi + b2ay,

1. We have:
v = f(z) &z = x(a’2® — 2abr + b*) = z[1 — (ax — b)*] =0

— (r=0) or (ax —b)* =1

b+1 b—1
:><:r;— + >0r (x— >, a#0
a a

Therefore, the fixed points are:

b+1 b—1
.131:0, To = ) xr3 =
a a

2. Let us compute the derivative at the equilibrium points:
f'(z) = 3a*s* — 4abx + b*
f(0) ="
If | f/(0)] < 1= |b*| < 1= the system is asymptotically stable

= 1 is attractive If | f’(0)| > 1 = [b*| > 1 = the system is unstable = z; is repulsive

Now,

a a

2
f(z3) = 3a® (IH— 1) — 4ab (b+ 1) + v?

Let Y = ”JjTl, then
A = 160" — 12b* = 4b* = (2b)?
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We have . 3
Yi=b+1==-=—0b=—=
PO 2
Yo =b+1=b=1=0 (impossible)
Thus,

|f'(22)] > 1 = the system is unstable and x5 is repulsive

54

3
Similarly, for the point z3, we find b = 5 > 1, so the system is unstable and x3 is repulsive .

Exercise 2.7 Consider the discrete logistic model:
Tpp1 =121 — ), 0<r<A4.
1. Find the fized points of the system.

2. Study the stability of the system for r = 2, describing the nature of the fized points.

Solution

1. Fixed points satisfy x,, .1 = x,, = x*. Substituting into the logistic equation:

z* =ra*(1—2z")
Rearranging terms:
v —ra* +r(z*)? =0

z*(l—r+rz*)=0
This gives two fixed points:

o =0
r—1
T

o l—r+rz*=0=2"=

2. For r = 2, the fixed points are:

o =0
_2—1_1

o rf=——=—

2 2

To analyze stability, we use linear stability analysis. The logistic map is:
f(@) =rz(l —x)

The derivative is:
fl(x)=r(l—2)—rz=r(1-_2x)
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For a fixed point to be stable, we require | f'(z*)| < 1.

Fixed Point 1: 2* =0
f/(O) =2(1-0)=2

1f'(0)|=2>1
Since |f'(0)| > 1, this fixed point is unstable.

Fixed Point 2: z* =1
1 1
2} — 1—-2-— 1 =2(1—1)=0

2
1
"[=)=0<1
r(3)
Since |f'(1/2)] < 1, this fixed point is stable.
Nature of the Fixed Points

e ¥ = (: Unstable fixed point. Any small perturbation away from 0 will grow, and the
system will move away from this point.

o ¥ = %: Stable fixed point (attractor). For initial conditions near %, the system will
converge to this value. Since f’(1/2) = 0, this is a superstable fixed point, meaning
convergence is very fast (faster than exponential).

Interpretation

For r = 2, the logistic map has a single stable fixed point at x = % This represents a population
that stabilizes at half the maximum possible population size. The fixed point at = = 0 (extinction)
is unstable, meaning the population will not go extinct from small perturbations.
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Interpolation

3.1 Introduction

This chapter, together with the next one on numerical differentiation and integration, are
closely related since they address different aspects of the same problem. The problem can be
stated as follows: given a function f(x) known only at (n + 1) points of the form ((z;, f(x;)))
fori =0,1,2,--- ,n, can we construct an approximation of f(z) for any value of 27 The z; are
called abscissas or interpolation nodes, while the pairs ((z;, f(z;))) for i =0,1,2,---  n are called
collocation points or interpolation points, and they may come from experimental data or from a
table. In other words, if we only know the collocation points ((x;, f(z;))) of a function, can we
obtain an approximation of f(x) for a value of x different from the z;?

Under the same assumptions, in the next chapter we will see how to evaluate the derivatives
f'(x), f"(z),--- as well as the integral of a function.

This is an enterpolation problem, whose solution is relatively simple. It is sufficient to construct
a polynomial of sufficiently high degree whose curve passes through the given collocation points.
Such a polynomial is called the collocation polynomial or the interpolation polynomial. To obtain
an approximation of the derivatives or the integral, one simply differentiates or integrates the
collocation polynomial. However, there are some fundamental aspects that are important to
study.

First, it is appropriate to recall certain crucial results related to polynomials, which we will
not prove here.

Theorem 7 A polynomial of degree n whose general form is

() = ag + a1 + agx® + - - + apz” (3.1.1)

with a, # 0, has exactly n roots, which may be real or complex conjugates (taking multiplicities
into account).

Corollary 1 Through (n + 1) distinct collocation (interpolation) points with distinct abscissas
((x;, f(x;))) fori=0,1,2,--- ,n, there passes one and only one polynomial of degree n.

Definition 26 The unique polynomial of degree n passing through the points (x;, f(x;)) for i =

0,1,2,--- ,n is called the interpolating polynomial of f(x) of degree n at the abscissas (nodes)
Loy L1y 5 Tp-

26
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3.2 Vandermonde Matrix

The interpolation problem thus consists in determining the unique polynomial of degree n
passing through the (n + 1) collocation points (z;, f(x;)) for i = 0,1,2,--- ,n. According to the
previous theorem, there cannot be more than one such polynomial. It now remains to construct
it in the most efficient and general way possible.

A first attempt consists in determining the unknown coefficients a; of the polynomial (3.1.1)
by directly satisfying the (n 4 1) collocation equations:

pn(Ti) = f(73)

This forms a linear system of (n+ 1) equations with (n+1) unknowns. This system can be written
in matrix form as follows:

1 zg x3 xy - b ao f(zo)
Loz af o o 2l | | m f(z1)
1 xy 22 23 - af as | = | f(a)
1 x, 22 23 - 2" ap, f(zn)
The square matrix on the left is called the Vandermonde matrix and is denoted by V (xq, 21, ..., x,).
It is defined as follows:
Definition 27 The Vandermonde matrix associated with the nodes xg,x1, ..., x, s given by
(1 2y 22 2} - a2l ]
1 oz 22 a3 - af
Vg, x1,...,2,) = | 1 22 R R (3.2.1)

The determinant of the Vandermonde matrix plays a crucial role in ensuring the existence and
uniqueness of the interpolating polynomial. It is given by:

det(V(zo, x1,...,x,)) = H (x; —x;) (3.2.2)

0<i<j<n

Since all the abscissas x; are distinct, we have det(V) # 0. Therefore, the system admits a
unique solution, which ensures the existence and uniqueness of the interpolating polynomial.

3.3 Cubic Splines

The word "spline" refers in English to a flexible and elastic ruler that draftsmen used to draw
smooth or regular curves passing through a large number of points. This concept is also widely
used in computer-aided design (CAD), where one seeks to represent objects with smooth shapes.

We have already observed that the use of high-degree polynomials is delicate and often leads
to large-amplitude oscillations. Therefore, high-degree polynomials are not well suited for this
purpose.
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feo 1.4

Figure 3.1: Piecewise linear interpolation

We can measure the smoothness of a function through its derivatives. Indeed, the more a
function is differentiable, the smoother its associated curve becomes, and the more regular the
function is.

The problem with using low-degree polynomials arises from the fact that several of them are
required to connect all the points. This is the case with piecewise linear interpolation, illustrated
in Figure 3.1, which consists of connecting each pair of points with a straight line segment. Such
curves are also called linear splines.

It is quite obvious that such a curve would not be suitable for designing the body of a car
or the wing of an aircraft. Therefore, greater care must be taken at the junctions between the
different curve segments. The linear spline is continuous but not differentiable, and we will now
show that much better results can be achieved.

Cubic splines represent a very interesting compromise between the smoothness of the resulting
curve and the degree of the polynomials used. In what follows, we will study curves of the form

y = f().

3.3.1 Curves of the form y = f(x)

We now consider, once again, (n + 1) interpolation points (z;, f(z;)), for i = 0,1,2,--- ,n,
through which we wish to draw a curve that is as many times differentiable as possible. Within
each interval [z;, x;11] (of length h; = z;41 — x;), we will use a cubic polynomial of the form:

Si(z) = a; + bix + c;x* +dix®, fori=1,2,--- ,n, (3.3.1)

and connect these different polynomials in such a way that the resulting curve is twice differen-
tiable.
The situation is illustrated in Figure 3.2 for n = 4. This is cubic spline interpolation, where
we ensure continuity not only of the function values but also of their first derivatives at each x;.
Since there are (n + 1) interpolation points, there are n intervals [x;, z;11], which yield 4n
unknown coefficients a;, b;, ¢;, and d;. These 4n coefficients must be determined as efficiently as
possible in order for the method to remain practical and attractive.
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Sa(z)
f{LI‘Q)—— SI(IJ T / S';[,‘I“l
[
flza)4 " 5 e
f'.('l'.l )—— . . E - —O
) So(z) | ' :
| :
.-"'JI.
\ / |
flat /o
flzo)+ - :
} | l } }
Ty T T2 T3 Iy

Figure 3.2: Cubic splines: (n = 4) cubic polynomial segments

Definition 28 S s said to be a cubic spline of the function f with respect to the support points
x; and X1, 1 =0,--- n, if:

1.5(x) = f(xi);
2. S s twice continuously differentiable;

3. On each interval [x;, x;+1], S reduces to a cubic polynomial denoted by S;(x).

Proposition 1 On each interval [x;, x;11], the restriction S;(x) of S(x) can be written as:

Si(z) = Dgrl hi(x — ;)% — hi(x — xz)} + % |:%<xi+1 — ) — hi(ziy — )
1 1
+h_,(x — ;) f(wiy1) + h—i(%‘ﬂ —x) f(2),

where
DZ' = Sl”(ﬂfl) and Di+1 = S£/($i+1)~

The continuity conditions for the first derivatives at the common endpoints x; are expressed
as:
Sz{(xi-"l):Sz{Jrl(xi-Fl)J ZZO? 7n_27

which lead to a system of (n+ 1) equations with (n+ 1) unknowns Dy, Dy, -- , D,,. However, two
additional equations are required. These are obtained by imposing extra boundary conditions on
the spline, leading to the following definition:

Definition 29 A spline is said to be natural if, in addition, it satisfies the following two boundary
conditions:
Dy = S5g(xo)

D, = S;z,<xn) =

0,
0.
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Proposition 2 The coefficients Dy, Do, - -+, D,,_1 of a natural spline are the solutions of the linear
system AD = F, where A is a tridiagonal matriz given by:
ho + h h
’ ; . El 0 0
E hy + hs @ 0 0
6 3 6
A= 0 @ ha + hs @ 0
6 3
R T
0 0 . 0 ! 1T

The vector F' is given by:

hl ho
f(xz3) — f(x2) f(z2) — f(x1)
F = he hy

flxn) = f(en)  flen1) = f(Tn2)

hn—l hn—2
Example 24 Compute the natural cubic spline for the following data:

z JO0[1]2]4
Fay (2711275

Then estimate f(3).

Answer:
The step sizes are:

For the natural spline we tmpose:

Dy= D3 =0.
D1 and Dy are the solutions of the linear system AD = F', where
ho + hy hy f(z9) — f(m1) - f(x1) — f(z0)
A= 3 ?; F = hl hO
E hai+hy |7 f(x3) — f(2) . f(z2) — f(z1)
6 3 hg hl
Substituting the given data gives the system:
2 1
Z 2
30 o =11
1 1 D, —
6 2

whose solution s

Hence...
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Dy |1 Dy |1
S0lo) = 2 [ = = e = )] + 22 |2 (o1 = )" — s = )
1
T (2 = zo) f(z1) + — (21 — 2) f(20)
0 0
145 3
=—z’— = 2
3x 2:c—|—
Dy [ 1 . Dy |1 .
Sl(l’) = FZ |:h—1 ([L‘ — xl)d _ hl(x — [L'1>:| + Fl |:h_1 (.I‘Q — x)‘s _ hl(l’g — IE):|
1 1
o~ (@ —a1) fa2) + — (22 — @) f(21)
hq hy
1
= —§x3+5x2—gx+1
Ds |1 Dy |1
Sg(l’) = 73 [h—Q ([L‘ — ,’1;‘2)3 — hg(ﬂ? — 1’2>:| + FQ |:h_2 (1'3 — x)g _ hQ(l’g — $):|
1 1
+o— (& —22) f(23) + — (23 — ) f(22)
ho ho
3
The cubic spline is given by :
1 3
—x3— —x+2 <zr<l1
23: 2£L'—|— , 0<zx )
1
S(@) = { a4 02 gx 13, 1<z<2, (3.3.2)
§:c — 1, 2<x<4.
\ 2
Estimation of f(3)
3 € [2,4], then
7
[3) = S,(3) = 5 =35

3.4 Kriging

The main objective of geostatistics is spatial prediction, also known as kriging, which consists
in predicting a regionalized variable of interest over a study domain based on data observed at
certain locations. Kriging fundamentally relies on the modeling and estimation of the spatial
dependence structure.

Among interpolation methods, only kriging is based on a sound statistical approach and allows
for obtaining the true estimation variance. We consider here the interpolation of a plane curve of
the form y = f(z). Let (zy, f(z;)) for i = 1,2,--- ,n be the given data points. We consider the
following linear system:
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Ky Ky Kz - Ky, Iz an f(xl)
Koy Ky Ko -+ Ky, I @ &%) f(xz)
K3 Kz Kzz -+ Kz, | 1 13 Qs f(z3)
S Lo =] (3.4.1)
K, K, K, --- K, 1 x, ay, f(zy)
1 1 1 ce 1 0 O aq 0
Ty Ty X3 e Ty 0 O Qo 0

which can be represented in matrix form as:

K A a” f~
5 4[]
The matrices K and A, as well as the vectors o™, f~ and a7, are defined by comparing relations

(3.4.1) and (3.4.2). The matrix A depends on the coordinates of the collocation points, while the
elements of matrix K are typically given by a relation of the form:

Kij =g (|z; — zj]) (3.4.3)

The coefficients K;; are obtained from a function g that varies with the distance between the
abscissas x; and x;. The choice of the function g determines the properties of the kriging curve.
Let us now consider the function:

u(@) = ajg (Jo — 25]) + a1 + axx (3.4.4)
j=1

If a1, ag, and the a; are solutions of system (3.4.1), then the function u(z) passes through the
given n interpolation points. Indeed, the i-th equation of the system can be written as:

Z OéjKZ'j + aq + Aol; = f(l’,)
j=1
which can also be expressed as:

> ajg (Jzi — x5]) + ay + asw; = f(x)

j=1

This means that:
u(z;) = f(x;)
The last two equations of system (3.4.1) are simply:

Z a; =0 and Z ajr; =0 (3.4.5)
p =1

which represent unbiasedness conditions of the function u(x), referring here to the statistical aspect
of kriging.
The function u(x) can be decomposed into two parts. The term called the trend (or drift) is
defined as:
a + aox (3.4.6)
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which may also be a polynomial of degree k. In that case, the system (3.4.1) must be slightly
modified by adding rows and columns containing the different powers of the points ;. The system
then takes the form:

[ K1y K, 1 oz () ()7 [ a1 ] [ f(z1) T
Koy Koy, 1 zy () (z2)F Qi f(x2)
K3 Ks, 1 x5 (x3)? (z3)" Qg f(x3)
A= 1 . 1 0 0 0 e 0 a o 0 (3'4'7)
1 Tn 0 0 0 0 as 0
(z1)? (z,)? | 0 0 0 0 as 0
i (:L‘l)k . (a:n)k 0 0 0 . 0 1 L arer | | 0 ]

The function

> asg (o = ) (3.4.8)

is called the random fluctuation. The drift can be interpreted as a first approximation of the
general behavior of the function f(x) to be interpolated.

The random fluctuation is a correction of the drift that allows the curve to pass through the
interpolation points. In Figure 3.3, the points are more or less scattered around a straight line. In
this case, choosing a linear drift seems appropriate. In other situations, a constant or parabolic
drift could provide better results.

5 I T T T T
wo) | |
- | D?ﬂgff _ __,.-M"""
I ——
ir [ I N
I -
_ ! - — i
2 T //,g —
] o~ Curve
1F [ I R . .
1 | //,
|~
obF--——- -
/ |
|
a1F 7 | i
I
_2 | | | | | "
-1 0 1 2 3 1 5

Figure 3.3: Drift and Kriging curve
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Remark 11 The choice of the function g(h) is not entirely arbitrary; it is governed by certain
rules that we will not specify here. Moreover, if the function g is replaced by cg, where ¢ is a

constant, the matrix K 1s multiplied by the same constant.
5 T

Q@
It is easy to see that the solution of system (3.4.1) is then {— a‘i . We can therefore
c
conclude that when the function g is multiplied by a constant, the solution vector a™ is divided by
the same constant, while the vector a™ remains unchanged.
Furthermore, the function u(x) in formula (3.4.4) remains unchanged, since the function g is

multiplied by c and the coefficients «; are divided by c. We can thus conclude that the kriging
curve (3.4.4) remains unchanged when the function g is multiplied by a constant.

Choice of the function ¢

The choice of the function ¢ is not entirely arbitrary, and some functions g are more interesting
than others.

First choice: Let us start with the simplest one:

g(h)=h (3.4.9)
which implies that:
Kij = g(|vi — a5]) = v —

In this case, the function u(z) can be written as:

n
Zaj |z — x| + a1 + axx
j=1

The function |x — x| is piecewise linear and not differentiable at the point z;. Since the drift is
also linear, we deduce that u(z) is a piecewise linear interpolation, because by construction, u(x)
passes through all the collocation points. This curve is also called a linear spline.

Example 25 Consider the 5 points (0,0),(1,1),(2,1),(3,2) and (4,2). If we use the function
(5.4.9), the linear system (3.4.1) has a dimension of (5+ 2) and is written as follows:

012 3 4|10 a1 0
101 2 3|11 Qg 1
210 1 2 1 2 a3 1
321 0 1 1 3 ag | = | 2 (3.4.10)
4 32 1 0|14 Qs 2
111 -~ 1]00 ay 0
|01 2 3 4|00 | a | | 0 |
whose solution, obtained by LU decomposition, is the vector:
111 111 g
4 22 24 2

The function u(x) is then written as:

1 1 1 1 1 1
u(x):Z|x—0|—§|x—1|+§|x—2|—§|x—3|+1|x—4|+0+§x

and s tllustrated in Figure 5.4. We can see that this function is indeed piecewise linear and
passes through all the collocation points, which gives it this characteristic "sawtooth” appearance.
Moreover, to obtain the equation of this linear spline using classical techniques, one would need to
define the curve for each subinterval.
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u(r)

Figure 3.4: Linear kriging

Second choice: The second interesting case corresponds to the choice:
g(h)=h* (3.4.11)

The coeflicients of the matrix K are then functions of the cube of the distance between the
interpolation abscissas, that is:

Kij =g (Ji — ;) = |oi — 5
and the corresponding function u(x) involves the functions:

3
9i(x) = g (| — z;]) = |z — 2]
Each function g;(x) is twice differentiable at the point ;. Indeed:

— |z —z]? fr<a
() = .
9;() { |z — x| if x > x;
The left and right limits at z; both tend to 0, which means that this function is continuous at z;.
Similarly:
2 .
g(z) = —3\:c—9c2j| if v <z
J 3|x — if x > x;
and the left and right limits again tend to 0. The function g;(z) is therefore once differentiable.
Moreover: | |
—6|x —x;| ifzx<uax;
" _ J J
gj(x)_{6|x—xj| if > z;
We therefore observe that the second derivative is also continuous, but not the third derivative,
since the left and right limits are respectively —6 and 6. The function u(x) is thus twice differ-
entiable and of degree 3 everywhere, which demonstrates that it is a cubic spline. This spline is
implicitly natural since:

Zajgj 1) Zaj Ty — Tj) ——6xlzaj+62ajxj—0
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by virtue of relations (3.4.5). A similar result would be obtained for u”(x,,).

Example 26 If we consider the same points as in the previous example but with g(h) = h®, we
obtain the system:

0 1 8 27 64 ] 1 0 a1 0

1 01 8 27 |11 s 1

8§ 1 0 1 8 |12 as 1

27 8 1. 0 1 |1 3 ay | =12 (3.4.12)
64 27 8 1 0 | 1 4 as 2

1 1 1 -~ 11100 a 0
0 1 2 3 4 |00][a]| [0

The corresponding function u(x) is illustrated in Figure 3.5 and indeed corresponds to a cubic
spline. The equation of this spline is:

u(x) = —0.17875 |z — O + 0.57143 |z — 11> — 0.78571 |z — 2| +

0.57143 |z — 3> — 0.17857 |z — 4|° + 1.7143 4 0.5z

It can be observed that the expression of the trend is not the same as in the case g(h) = h.

2.5
u(x)

T
_u‘__ |

S—

201

-1 0 l 2 3 43 5

Figure 3.5: Cubic kriging

It is also worth noting that a single equation represents the entire curve, unlike the system of
equations by sub-intervals described in Section 3.3.1 (see formula (3.3.1)).

3.4.1 Multidimensional case

The dual kriging method can be easily extended to multiple dimensions. Let the n interpolation
points be:

(), 75, 75) = f(x}, 75, 75)

In this case, the dual kriging system becomes:
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[ K Ky o+ K, 1 ap xy a3y a1 flay, xy, 23) ]
Ky Koy -+ Ky, | 1 22 23 22 am f(x? 23, 23)
K, K Kp, | 1 2} ab af an | _ | [z} 23, 23 (3.4.13)
1 1 1 0 0 0 0 ay 0
T IL‘% xy O 0 0 O a9 0
s 1l x} 00 0 0 as 0
| ry a3 x? 00 0 0| ]|a ]| | 0 |
and the kriging function becomes:
uw(Z) = Z a;|| T — 7| + a1 + asxr + azxe + asxs (3.4.14)

J=1

which is valid at any point Z = (21,29, x3). In expression (3.4.14), the absolute value has been
replaced by the Euclidean norm. In fact, any other vector norm could be used. It is again easy to
show that:

ek ah ) = J(oh, 20

The corresponding linear system can be written in matrix form as:

- -
5 -1
where:
Ky=g(lz—nl). p=| %0 o [Jlnme)
Loz ay oy fat, g, xy)
The vector o™ contains the interpolation coefficients, while a™ = [a; as a3 a4]” represents the

drift parameters corresponding to the polynomial part of the kriging function.
Example 27 (Multidimensional Kriging Case-3D, kernel g(h) = h)

Let us consider four observation points in R with their associated values:

71 =(0,0,0), f(71) =1,
Ty = (1,0,0), f(72) =2,
73 = (0,1,0), [f(T3) =3,
7y =(0,0,1), f(74) =4

We choose the radial correlation function g(h) = h, where h denotes the Fuclidean distance

between two points:
h = 1Z; — ;1.

i

The dual kriging system can then be written as:

K P
PT 0

(67

a
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where:
1zl xd 2l ay
. - o |1 2% a3 ad | a2
Ko=o(lE-Fl).  P=|1 b o2 3] o= |2
1 xf 28 i ay
By substituting the coordinates of the points, we obtain:
01 Lo 1000 1
k|10 V2 V2 {1100 |2
1 v2 o0 Vel 1010 3
1 V2 V3 0 1 001 4
The solution of the system is approzimately:
—1.68 x 10716 1
1.49 x 10716 1
a R , a=
1.49 x 10716 2
—1.88 x 10716 3

Thus, the kriging function becomes:
4
u(z,y,z) = Z a;jl|(z,y, 2) — Z5|| + a1 + axx + asy + aqz.
j=1

Since the «; coefficients are nearly zero, we obtain:
uw(z,y,z) = 1+ x4+ 2y + 3z.
For a test point (z,y,z) = (0.5,0.5,0.5):
1(0.5,0.5,0.5) = 14 0.5+ 2(0.5) + 3(0.5) = 4.0.

Remark: In this symmetric configuration, the kriging solution coincides with the affine drift.
By choosing another kernel, such as g(h) = h3, a more complex cubic kriging surface would be
obtained.

3.5 Discrete Fourier Transform

The Discrete Fourier Transform (DFT) is the rigorous way to compute the Fourier transform
of a signal that is both periodic and discrete.

There are cases in which classical polynomials are not the most suitable tools. This occurs,
for example, when we want to approximate periodic functions, such as in astronomy, or periodic
data, such as in meteorology. In such situations, it is advantageous to use polynomials that are
themselves periodic. This is precisely where trigonometric polynomials come into play.

To clarify the idea, let us assume that we have a periodic function g(¢) (with period 27) defined
for ¢ in the interval [0, 27]. If this is not the case, and the studied function is f(x) defined on the
interval [a, b], we can perform the following change of variable:

(r —a)

tZQW(b—a)

or equivalently x =

t+ a,
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which brings us back to the desired interval, allowing us to analyze the function:

ﬂﬂzf(b%é ).

The functions f(x) and g(¢) then take exactly the same values-one in the interval [a,b] and the
other in [0, 27].
Definition 30 A trigonometric polynomaial of degree n is an expression of the form:

n—1
ap + an cos nt
T,(t) = = +Z a; cos(jt) + b; sin(jt)) (3.5.1)
Jj=
where the coefficients ag, a,,a;, and b;, for j =1,2,--- ,n—1, are real numbers.

Note that there are 2n coefficients to be determined. Therefore, we need 2n interpolation (or
sampling) points to determine the coefficients of a trigonometric polynomial.
We divide the interval [0, 27] into 2n subintervals of equal length

21 T

C2n  n
This would normally produce 2n + 1 sampling points, but since g(t) is periodic, we have g(27) =
9(0), and therefore the point corresponding to to, = 27 is not included. Thus, the sampling points

are given by: By
=" —pk, k=0,1,2,---.2n—1. (3.5.2)
n

A first method to determine the coefficients of the trigonometric polynomial (3.5.1) consists of
solving the following linear system:

To(te) = gty), k=0,1,2,--- 2n—1, (3.5.3)

where the unknowns are the coefficients of the polynomial. We illustrate this approach with an
example.

Example 28 Consider the periodic function with period 1, defined on the interval [0,1] by f(x) =

t
z(1—z). Since the function is defined on the interval |0, 1], we set x = o which gives the function
t t
=(—)(1-—
o0 =(5) (1-5).

We take 4 sampling points, namely {O,

defined on [0, 27].

s
5
(n = 2). Note that the point t = 27 is not used explicitly, but is still implicitly taken into account
since we assume ¢(t) to be periodic, i.e., g(2m) = ¢(0).

The corresponding system of equations to solve is:

ag + az cos(0)

T, ;} , and a trigonometric polynomial of degree 2

g(0)=0= =5 tu cos(0) + by sin(0),
T 3 ap+ azcos T
) 3B () ()
1 2
g(m) = 1 L —I—a22cos( ™) + ay cos(m) + by sin(7),
3m\ 3 ag+azcos(3m) 3 3
g<2)—16— 5 + aq cos 5 + b; sin 5 )
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In matriz form, this system can be written as:

1 1
2 2
! 0
2 2
1 1
2 2
! 0
2 2

The solution of this system is:

3
16

0 0
g
3
1 a9 16
a - 1
—1 0 1 4
| b ] 3
-1 L 16
1 1 oT
16 8 ‘

Hence, the corresponding trigonometric polynomaial is:

Ts(t)

— 2t 1
= 5;—028() -3 cos(t) + 0sin(t).

This polynomial is shown in Figure 3.7, together with the function g(t).

g(t)

03

0,25

0,2

0,15

0,1

0,05

— alf)
_ -~ To(t)
I"u
L Y
\
lI.l
\ “l".
o .l, \
-'fl I 1 1 I 1 1 - 1lll"-
- -3 -2 -1 0 1 2 3
t

Figure 3.6:

Functions ¢(t) and Ty(t)
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To improve the accuracy of the approximation, it is sufficient to increase the number of sam-
pling points and the degree of the trigonometric polynomial. This also increases the size of the
linear system to be solved.

Unfortunately, solving the linear system (3.5.3) is not the most efficient method, since the
number of sampling points can become very large. In fact, this method is the analogue, for
trigonometric polynomials, of the Vandermonde method used in classical interpolation.

We now introduce a faster approach, which requires the use of complex numbers and functions,
and more specifically, the complex exponential:

et = cos(It) + isin(lt)

where [ is an integer and i is the imaginary unit such that 2 = —1.
For two (possibly complex) functions defined at the sampling points ¢; (see 3.5.2), we define

the following inner product:
2n—1

(f.9) =D flts) g(ts),
k=0

where the complex conjugate appears on the second function.

Lemma 1 The functions e are orthogonal with respect to the above inner product, in the sense
that if m and [ are two integers between —n and n, then:

0, ifm#I,
2n—1
(et ety = Z ek gty = ¢ on. ifm =1, (3.5.4)
k=
’ 2n, ifm=mn andl = —n.

The use of complex exponentials naturally leads to an alternative (but equivalent) form for
trigonometric polynomials:

eint + efint n—1 N
T.(t) = a, (—2 > + Z e’

j=1-n

n—1

= g + a, cos(nt) + Z et + a_je it

o
—

= ag + o, cos(nt) + ; [(aj + ) cos(jt) + i — a_j) sin(jt)].

<.
Il

By comparing term by term this expression with (3.5.1), we can pass from one form to the other
through the relations:
a an, .
g — 30, ay = ?, a]’ = (Oéj =+ CY,]'), bj = Z(Oéj — Oé,j). (355)
Theorem 8 The trigonometric polynomial interpolating the values of a periodic function g(t) at
the sampling points t,, k =0,1,...,2n — 1, can be written as:

eint 4 e—int n—1 B y
To(t) = ap + <T> + (oje”" + a_je "), (3.5.6)

Jj=1
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and the coefficients are given by:

1 1 2n—1 1 2n—1
) - gty — H)e Wtk = t —jk =0.1
QO m <g,€ > QHZg( k)e m g( k)w ) J ) L9 , 10,
k=0 k=0
(3.5.7)
1 1 2n—1 1 2n—1 i
= (g ety = — t)elte = — te)w? =1,2,...,n—1
Q—j m <976 > 2nkzog( k)e m £ g( k)w ) J ) 4 I )

where we have defined w = ew. The polynomial (3.7.3) corresponds to the discrete Fourier
transform (DFT) of g(t).

Remark 12 Once the coefficients o; and o_; have been computed, one can revert to the form
(5.5.1) by using the relations (5.5.5).

Example 29 Let us reconsider the previous example, but this time using the relations (3.5.7).

3
Recall that the sampling points are [O, g, , ;}, and that the function g(t) takes the values

T
R
16 16 8

Also recall that n = 2 in this example. We then have:

3
1 1 5
ap = Z(Q, 1) =- E g(ty) = 35

W

k=0
1< 1
- 21t — —24t — o
1 1t : —itg 1
@1—Z<9,€>:—k§:(}9(t> __1_6’

1 —zt zt 1
o = — = F=——
1=qleet) = Zg 16
We can now recover (if necessary) the coefficients of the trigonometric form:

5 1 :

Hence, we recover the trigonometric polynomial:

- 2t 1
5—cos(2t) 1 cos(t) + 0sin(t),

Th(t) =

which s exactly the same result as obtained previously. Note that with this approach, no linear
system needs to be solved.
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3.5.1 2D Lagrange interpolation
Definition 31 The 2D Lagrange interpolation formula is:
L(x,y) = Z Z fizli(x) ;(y).

i=0 j=0

n

I @)

j=0,j#i

Where fi; = f(zi,y;) and l;(z) = —

H (i — x;)

=0
Example 30 We interpolate f(x,y) = \/2zy at points:

(550790) = (Oa 2)7 (x()?yl) = (073)
(xlayo) = (1’2)7 (Il’yl) = (173)

fOOZf(Oa2):V2'O'2:O
for =£(0,3) =v0=0
fio=f(1,2)=v2-1-2=2
fu=f(1,3)=v2-1-3=V6
T — I z—1
fry :1—
ZO(.T) Lo — I1 0-—1 o
r—z9 -0
ll(w)_xl—QZo 1-0 v
y—y1 _ y—3
{ 3 —
e
— —2
h(y) =2—2 ===y -2

Lz, y) =foolo(x)lo(y) + forlo(x)l1(y) + froli(@)lo(y) + furli(x)h(y)
=2x(3—y)+ \/Ea:(y —2)

L(1,2.5) =2(1)(3 — 2.5) + v6(1)(2.5 — 2)
=2.22474

f(1,2.5) =5
—2.23606
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3.5.2 Newton 2D interpolation
Definition 32 The 2D Newton interpolation formula is:

P(z,y) =YY flro, .- xiivo. -yl [ [ =) - [[w —w)

i=0 j=0 k=0 1=0

Example 31 We interpolate f(x,y) = \/2zy at points:

anyO) = (O’ 2)7 (‘rﬂ’yl) = (073)

(
(1'1,3/0) = (172>7 <$U1,y1) = (173)

N(z,y) :ZZJC[ZEOw-';xi;yOu---7yj]'H(x_xk)'H(y_yl)

i=0 j=0 k=0 1=0
= flzo; yol + flzo: yo. y1](y — wo)
+ flzo, 15 90)(x — 0) + fl20, 215 Yo, Y1) (% — 20)(y — Yo)

flzos o] = £(0,2) =v2-0-2=0

f[ﬁo;yl] —f[xo;yo] f(073) —f(072) 0—0

f[xo;ymih]: A — 5 _ : —0
Flan, evigy] — Jivel = flooiw] (01,2~ 7(0,2) _2-0
1 — To 1-0 1
flzo, T1590, 1] = Jlz1i o y1] = Flzosyo, yi]
1 — 2o
Flo o] =L L2101 - flesyo) _ f<1,3?)):£(1,2>
Y1 — Yo
_V8-2_ 5,
1
flxo, 1390, 1] = % —v6—2

N(z,y) =f[zo; yol + flo; Yo, 11](y — vo)
+ flzo, w1390} (2 — x0) + flw0, 215 Y0, Y1) (7 — 20) (¥ — H0)
=0+ 0(y —2) + 2(z — 0) + (V6 — 2)(z — 0)(y — 2)
=27 + (V6 — 2)z(y — 2)

N(1,2.5) =2(1) + (V6 — 2)1(2.5 — 2)
—2.22474

f(1,25) =5
—2.23606
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3.6 Introduction to NURBS

Rational B-splines are among the most comprehensive and widely used tools in geometric
modeling. NURBS (Non-Uniform Rational B-Splines) allow the exact representation of all conic
sections (ellipse, parabola, hyperbola).

In this section, we first introduce B-splines. To do so, we begin by defining parametrized
curves, and then we will introduce the NURBS method.

3.6.1 Parametrization of a Curve

There are three different ways to describe a curve:
1. explicit representation,

2. implicit representation,
3. parametric representation.

In the plane, the explicit equation of a curve takes the general form:

y = f(z)

In this form, there is a single value of y for each value of x. Consequently, such an equation cannot
represent a closed curve or one with multiple values.
This limitation can be overcome by using the **implicit equation™*, whose general form is:

f(il?,y):O

However, since both explicit and implicit forms depend on the coordinate axes, the chosen coordi-
nate system affects the appearance of the curve. For this reason, they are rarely used in geometric
modeling. Instead, the "parametric form” is preferred in geometric modeling- for this and several
other reasons.

Let us assume we have a two-dimensional curve. It can be defined not by a single function
y = f(x), but rather by a system of two functions:

= x(t)
{ y= yt) (3.6.1)

The variable ¢ is called the parameter, and the system (3.6.1) is referred to as the parametrization
of the curve.

Remark 13 Obuiously, it is not possible to plot the curve for all values of t € (—o0,+00); one
must instead choose a specific interval of interest.

It is very common to use the interval [0,1], for example when parametrizing a line segment
la,b] in R%. The paramelric equation is given by

p(t) = [(1 —t)za + toy, (1 —t)ya + tys)

() =G

with
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3.6.2 B-Splines

We now introduce simpler curves called B-splines or basis splines. These basic splines are
sometimes referred to as basis functions, weighting functions, or blending functions. B-splines are
parametric curves.

Let t be the parameter varying between 0 and L. Within the interval [0, L], we choose n + 1
values called knots, denoted tg,tq,...,t,, which together form the knot vector, noted as T. The
knots satisfy

ti < tiv1,

which means that they are arranged in non-decreasing order, and some of them may be repeated
(double or even triple knots).
We define the n functions

1 ift; <t <t s
ORI (3.6.2)
0 otherwise,
for i = 0,1,...,n — 1. The functions N?(¢) are the zero-degree (or piecewise constant) B-spline
basis functions. Higher-degree basis functions are defined recursively by:
t—1; _ t; -t _
NP(t) = L N () 4 L D iy, (3.6.3)
Litp — i Livpr1 — tiva

The function N7 (t) is defined only over the interval [t;,;1,+1] and therefore spans p + 2 knots.
With a total of n 4+ 1 knots, one can construct n — p distinct B-spline basis functions.
Example 32 Let us illustrate the construction of B-spline basis functions for the case of a
quadratic B-spline (degree p = 2). Consider the following uniform knot vector:

T =10,1,2,3,4,5).

We first compute the zero-degree basis functions using (3.6.2):

Ny = b TSt 01934
0 otherwise,

Next, we compute the first-degree basis functions using (3.0.5):

t—t; tiio — 1 .
NMt) = ———NO(t) + —2_—_N° (), i=0,1,2,3.
tiy1 —t; " tivo —tig1

Finally, for the second-degree basis functions, we have:
t—1t;

tirg — 1 )
NIt)+ —3 = NL (1), i=0,1,2.
Livo — 1 tivs — lit1

Nz?(t) = i+1

Each function N?(t) is nonzero only within the interval [t;, t;y3] and touches exactly p+2 = 4
knots.

These quadratic B-spline functions are smooth and continuous, forming a local basis that can
be used to build complex curves by linear combination:

n—p—1

cw =S PN,

where P; are the control points.
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3.6.3 Non-Uniform Rational B-Splines (NURBS)

Non-Uniform Rational B-Splines (NURBS), as their name suggests, are actually a quotient of
B-spline functions. The non-uniformity comes from the fact that the knots in the vector T are
not necessarily equally spaced.

One of the main reasons for introducing NURBS is that conic sections (circles, ellipses, hy-
perbolas) cannot be represented exactly by standard B-spline functions. This limitation explains
why early computer graphics software could not easily represent a circle or a sphere.

However, it can be shown that this is possible using quotients of B-splines. NURBS are then
defined as follows:

Definition 33 A NURBS of degree p is constructed by following these steps:

e Provide a knot vector T of length n+ 1 where the first and last knots have multiplicity p+1;
e Choose n — p control points P;;

e Associate a weight w; to each control point P;;

e Define the NURBS of order p by:

Sy w NP(t) P,
S P NP (1)

() = (3.6.4)

The weights w; essentially play the opposite role of what they do in kriging. The larger the
weight w;, the closer the computed NURBS curve passes to the corresponding control point P;.
The expression (3.6.4) can also be written in the form:

n—p—1

(t) = Z R} (t)P;

where the rational functions RY(t) are defined by:

wi VY (t)
>y wilNE(t)

The functions RY(t) act as the basis functions for the curve. However, recall that the NURBS
does not necessarily pass through all the control points.

RI(t) =

Example 33 The curve of a full circle can be obtained by assembling two semicircle curves (p =
3). The 7 control points (n = 6) are arranged in counterclockwise order: (1,0), (1,2), (—1,2),
(—=1,0), (=1,-2), (1,-2), and (1,0). Note that the first and last control points are duplicated to
close the curve. The assembly occurs at the control point (0,—1).

Instead of duplicating the control point, the assembly is achieved by choosing an interior knot
of% with multiplicity 3. The knots are therefore: t; =0 for 0 <1 <3, t; = % for4 <1 <6, and
t; =1 for 7 <1 < 10. Note that the number of knots satisfies the condition n +p + 2 = 11.

From equation (5.6.2), we have N2(t) =0 fori € {0,1,2,4,5,7,8,9} and ...

1 <t<

Y

1 .
Ny(®) = 2

| = @

0 <t<
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N () =

For, p =1, from equation (5.6.3), we have N}(t) =0 for i € {0,1,4,7,8} and

1
L-2t 0<t<;

Ny (t) = 1
0 ,—<t<l1
2
1
Ns(t): 1
0 ,=<t«l1
2
(
1
1 0 ,O§t<§,
N5(t): 1
2—-2t = <t<l1
\ 2
(
) 0 ,0<t < =
N6(t>: 1
2t—1 = <t<l1
. 2

1
) (1 —2t)? ,O§t<§;
Nl(): 1
0 - <t<l1
2
) 2(2t)(1=2t) ,0<t< =
N2<t): 1
0 - <t<1
2
, (2t)2 ,0<t< =;
N3<t): 1
0 = <t<l1
2
1
) 0 ,O§t<§7
N4(t): 1
(2 —2t)? ,§§t<1
1
0 0<t< =
N2(t) = 1 2
2(2t — 1)(2 — 2t) ,§§t<1
1
N6(t): 1
(2t —1)? ,§§t<1
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For, p =3, from equation (5.6.3), we have

1
; (1—2t)3 <t <
No(t) - 1
0 ,=<t<l1
2
3(26)(1—2t)* ,0<t < =
N} (t) = 1
0 - <t<1
\ 2
( 1
3(20)2(1—2t) ,0<t <
N3(t) = 1 2
0 - <t<1
\ 2
1
(2t 0<t< =
N (t) = 1 2
(2 —2t)° ,§§t<1
(
1
0 ,0<t < —;
Ni(t) = 1 2
3(2t — 1)(2 — 2t)? ,§§t<1
\
(
1
0 ,0<t < =
N2(t) = 1 2
3(2t — 1)%(2 — 2t) ,§§t<1
\
1
0 ,0<t < =
Ng(t) = 1 2
(2t — 1)3 ,§§t<1
Control | weight | ¢ € [0,1] tel5,1]
(1,0) 1 (1—2t)3 0
(1,2) z 3(2t)(1 — 2t)? (2t)?
(-1,2) |3 3(2t)%(1 — 2u) 0
(—1,0) |1 (2t)? (2 —2t)3
(-1,-2) | 3 0 3(2t — 1)(2 — 2t)?
(1,-2) |3 0 3(2t — 1)%(2 — 21)
(1,0) 1 0 (2t —1)°

Table 3.1: Control points, weights, and domain intervals of the circle
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20 1 L]

15 A

10 A

05 1

0.0

-1.0 1

-1.5 1

Figure 3.7

3.7 Solved exercises

80

Exercise 3.1 Estimate the value f(4) using interpolation by a natural cubic spline for the

function f given by the following measurement table:

flz) 2|57
Solution
The spline is natural, so
DO - D3 - O
The steps (intervals) are:
ho=1, hy =4,

D, and D, are the solutions of the linear system:

(330

Di=—=, Dy=

The solution is:

13’
Since 4 € [2,6], we only need to compute Si:
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Si(z) = % [hil(m —x1)% — hy(x — xl)] —|—% [hil(xg —2)° — hy(z9 — x)} +hi1(x—a:l)f(xg)—i—hil(xg—x)f(x]
Si(z) = —% H( —2)3—4@—2)} - % H(6—x)3—4(6—:c)] +—(x—2)-7+}l(6—x) 5
Hence,
F(4) ~ 8y (4) = 45%7 ~ 8.0192

Exercise 3.2 Determine the parameters a,b, c,d, and e such that S is a natural cubic spline,

where
alzr =12 +bx—1)2?+clz—1)+d if0<z<1,
S(x):{

(=172 +ex? -1 if1<x<2.

Solution
Determine the parameters a, b, ¢, d, and e such that S is a natural cubic spline, where

S(x) — a(r =132 +b(x -1 +c(x—1)+d if0<x <1,
Tl e =13 e -1 if1<z<2

Let Sy and S; denote the restrictions of S to the intervals [0, 1] and [1, 2], respectively:

So(x) = a(r —1)* +b(x —1)* +c(lx — 1) +d

Si(z) = (x —1)> +ex® — 1

The first derivatives are:

Si(z) =3a(z — 1) +2b(x — 1) +c

Si(z) = 3(x —1)* + 2ex

The second derivatives are:

Sp(x) =6a(z—1)+2b

ST(x) =6(x—1)+2e

The common endpoint of the intervals is x; = 1.
Continuity of S at z; = 1 implies:

S()(l) :Sl(l) = d=e—1

Continuity of the first derivative at xy = 1 implies:
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Sp(1) = S1(1) <= c=2e

Continuity of the second derivative at x; = 1 implies:

Sp(1)=S7(1)<=b=e

Since the spline is natural, we have:

S(0) =0<=b=3a

S7(2)=0<=e=-3

Therefore, S is a natural cubic spline if and only if:

82

Exercise 3.3 Obtain the linear kriging system that allows constructing a surface passing

through the following points:

33 9
Evaluate the kriging function at (5, 5) and compare the result with the exact value R

The given points belong to the function f(z,y) = zy. Use the function g(h) = h*Inh.

Solution
We compute the kriging system and obtain:

O OO

Solving this system, we obtain:

a; = 0.360674, ay = —0.360674, «a3= —0.360674, a4 = 0.360674,

The function u is defined by:

4

O OO NN

aq
Qo
Qs
Oy
ay
a2
as

I
OO Ok NN

a; = —2.25,

u(X) =u(z,y) =Y ;| X = X3 ||X = X[ + a1 + a2 X" + a5 X>

J=1

(3.7.1)

Ao = 15,

u(X) = ]| X = X2 [|X — X2 + 0| X — X2 | X — X?||2 + a1 + azx + asy

Then,

3 3 9
ul=,=) =~
22 4

&3:1
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Exercise 3.4 Let f be the periodic function of period 2 defined by:

]

{2x—l Ie@é] (3.7.2)

—2zx+3 zell,

Find the interpolation polynomial of f using the discrete Fourier transform. Take h = g

Solution
Let f be the periodic function of period 2 defined by:

f2e-1, zeo]
flo) = {—2x—|—3, z € [1,2].

We make a change of variable:

x T .
t:27r><§:7m = t:Eatasamplepomt.

g(t):f<g):{%t—1, t €0, 7],

—2¢+3, tem2n).

For n = 2, we have the following table of points:

Xi = (v, ui) | f(xi, )
1,1) 1
2,1) 2
(1,2) )
2.2) 1

The discrete Fourier coefficients are:

1
ap = (=1+0+1+0)=0,

1 )
Qg = Z(_l el 1-e7?m) =0,

1 . 1
@121(—1+1'6 ):—57

1 - 1
= (1416 = =
a_q 4( +1-¢em) 5
Then the degree-2 Fourier sum is:
it it 1 . 1 .
T5(t) = aqe” +a_je7 " = —§(cost +isint) — 5(005(—t) + isin(—t)).

Simplifying gives:
T5(t) = — cost.
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Conclusion: The degree-2 trigonometric polynomial is:

T5(t) = —cost|

Exercise 3.5 Let f be the periodic function defined on [0,1] by:
f(z) =22(1 —x)

1. By performing an appropriate change of variable, find the function g(t) equivalent to
f(x) defined on the interval [0, 27].

2. Find the interpolation polynomial of f using the discrete Fourier transform. Take h = 5

with n = 2.

Solution Let f be the periodic function defined on [0, 1] by:
flx)=2z(1—x)

t
1. Set x = o which gives the function
™

defined on [0, 27].
We take 4 sampling points:

W

U

2
0

)N
—_

g(t:) | —1

2. The trigonometric interpolating polynomial for the periodic function g(t) at the sampling

points t, k =0,1,...,3, is written as:
eimtk +eiltk n—1 y iy
T,(t) = ag + ay, (T) + z;aje et (3.7.3)
]:
and the coefficients are given by:

3
1 1 1 3 1 3 5
=—(g,1) == ) == 10+=-+=-+<| =—
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Thus, the trigonometric polynomial is:

Ty(t) = 5_3—065(2” _ icos(t) +0-sin(t)

Exercise 3.6 Consider the first quadrant of a quarter circle, 2% + y?> < 1 with z < 0 and

y <0.
The equation z2(t) + y?(t) = 1 implies the constraint 2w? = wyws.

Choose the weights wy = w; = 1 and we = 2, and three control points (1,0), (1,1), and
(0,1). Then n = 2 and the degree is p = 2. Let the knot vector be T'=[0,0,0,1, 1, 1].

Find the parametric curve of the first quadrant of a circle using NURBS.

Solution
We are given the knots and control points:

o=t =1t =0, t3=1t,=15=1,
P():(l,()), Plz(lvl)u PQZ(Ov]-)J
degree p = 2, number of control points n = 2, and weights

(,U()Zwlzl, WQZQ.

First, we compute the zeroth-degree basis functions NP (¢):

NY(t) =0, i€{0,1,3,4},

)

1, 0<t<1,
sto-{y 15

Next, the first-degree basis functions N} (¢):

N}ty =0, ie{0,3},

1

1—¢t, 0<t<l1 t, 0<t<l1
NL(t) = rUs NN =!" T ’
1) {Q t=1, 2(?) {Q t=1.

Finally, the second-degree basis functions N2 (t):

1—1t)2 0<t<l1 201 —t), 0<t<1
Nawz{é SorEeh Nﬂwz{o( PEct

2, 0<t<1,
sto-{o )

The weighted sum of the control points multiplied by the basis functions is:

2
> wiNA(t)P = (1—1%,21),
=0
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and the sum of the weights times the basis functions is:
2
> wiNP(t) =1+
i=0
Finally, the rational B-spline curve is given by:

=N N

S22 wiNA(t)P; (1—752 2t )

141271+ ¢2

10 L]

o0&

06

04

0z

00

-0.2 0o oz o4 06 0.3 10 12

Figure 3.8
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Chapter 4

Numerical Differentiation and Integration

4.1 Introduction

This chapter addresses the problem of obtaining approximations of the various derivatives of
a function f(x), as well as of:
Tn
/ f(z)dx
o

This is referred to as numerical differentiation and numerical integration. Such problems arise
when, for example, the position of a particle is known at regular time intervals and one wishes
to determine its velocity. This requires calculating the derivative of a position known only at
discrete points. Similarly, determining the particle’s acceleration requires calculating the second
derivative.

Conversely, if the velocity of a particle is known at certain time intervals, the distance traveled
is obtained by integrating the velocity over the interval [z, x,].

4.2 Numerical Differentiation

Consider a function f defined by a formula or an algorithm, differentiable on an interval. This
function may be too complicated for analytical differentiation to be practical, yet the numerical
value of f’ is desired. There are two main numerical approaches for this: one uses Taylor series
expansions, and the other uses interpolation formulas.

Taylor Series Formula: Let f(z) be a function with (n + 1) continuous derivatives on the
interval [a, b], and let x and Z be two points in this interval. Then:

f(:C) = pn(x) + Rn+1(x)

where:
'(z )(z
pul2) :f(x)+¥(x—x>+...+ / nf -
AR -
Rn+1($)—m($—x) , T<E<uw

87



CHAPTER 4. NUMERICAL DIFFERENTIATION AND INTEGRATION 88

4.2.1 First-Order Derivatives

1.2.1.1 Using the Taylor Series Formula:
1. Backward Finite Difference:
Similarly, we define the first-order derivative of f as:

7) — f(z—h
@) ~ 1B =S (12.1)
Indeed, if f € C?*(Ja,b]) and using the Taylor series expansion around T, we obtain:
f(x) = f(@)+ f(2)(x —7) + @(m — 1), & €lx, 7 (4.2.2)
Setting x = T — h, then —h = x — Z, substituting into (4.2.2), we get:
h2
f@=h)=f(2) = hf'(@) + 5 ["(&), & €lz—ha (4.2.3)
hence: - _— h
pie) = TDIEZN _Rpney g cle—na (4.2.1)
thus:

(4.2.5)

with the error term o(h) being:

2. Forward Finite Difference:
To approximate the first derivative of f at a point Z in |a, b[. For a sufficiently small positive

h, the simplest approach is:
f@+h)— f(z)

f(z) ~ . (4.2.6)
Indeed, if f € C?*(]a,b]) and using the Taylor series expansion around T, we obtain:
1) = J@ + S @ -5+ T @ zp, el (1.2.7)
Setting x = T + h, then h = x — Z, substituting into (4.2.7), we get:
2
f(e+ k) = £@) + hf@) + @), & €+ (1.2
hence: &+ h @ h
pie) = TEHD IO ey g el (1.2.9)
thus: .
o) ~ L f)L — /@) (4.2.10)
with the error term o(h) being:
h
§f"(§1)
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3. Centered Finite Difference:

fi(z) ~ f@ h);hf(x —) (4.2.11)

Indeed, if f € C3(]a,b]) and using the Taylor series expansion around z for both f(z + h)
and f(Z — h), we obtain:

3

f@+h) = f@) +hf @)+ f”()+hf (&), & €a.z+h] (1.2.12)

2 3
£ = h) = F@) ~ @)+ o (@) o fOE), & ele—hal (4.2.13)
Subtracting (4.2.13) from (4.2.12), we obtain:

f/(lf) _ f(f + h)2_hf($ — h) ?2 [f (53) f(3)(§4)] (4'2'14)

Hence the second-order centered formula with an error of o(h?):

fia) ~ L0 h)z_hf(x —h) (4.2.15)

4.2.1.2 Using Interpolation Formulas:

The Newton formula is written as:

f(z) = f(xo)+[flxo, z1](x—x0)+ flT0, 1, T] (T—20) (x—21 )+ . A f[T0, X1, - . ., | (x—120) . .. (T—T1)

f(n+1 ﬁ
I - xz warn[
(n+ 1 g

Setting w,,(x) = [[\_,(z — x;). Differentiating:

(n+1) (n+2)
f'(z) = flzo, z1]wy(x)+. . .+ flxo, 21, - . . ,a:n]w;_l(x)+%w;(x)+%wn(x), € €lxg, x|
1. Forward Finite Difference:
For n =1, we have:
_ (2) (3)
f/(x) _ f(xl) - f(l'o) + f 2(5) [l’ —To+ T — $1] + f 2(5 (I . .T())(I _ x1)7 5 E]xo,$1[

with h = x; — xg. If x = x¢, we obtain:

f(xo+h) — f(x0) +ﬁf(2)(§), £ €|z, 1]

) = SR :

Thus the forward derivative of f at point z is:

F(ag) ~ L0 = T
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For n = 2, if we take x = x¢, 1 = x + h and x5 = x + 2h, we have:

flx+h)—=3f(x) — f(z+2h)
2h

fi) =" 0, € loat2n

Hence the second-order forward derivative is:

_Af(xz+h) = 3f(x) — f(z +2h)
- 2h

f'(x)

2. Backward Finite Difference:
Using the backward Newton formula, we obtain:

f(zo) — f(wo — h) n f(Q)(ﬁ)h

f/(mo) = h B )

f 6}330 - haxﬂ[

Thus the backward derivative of f at point z is:

£(20) ~ f(zo) — £($0 —h)

For n = 2, taking x = x5, x1 = x —h and 2o = x — 2h, we have: The second-order backward

derivative formula is:

3(r) = Af( = h) + f(r—2h) 2
2h 3

() = FOE), € €le—2hq

hence: 3f(x) —4f(x — h) + f(z — 2h)

flw) = —

3. Centered Finite Difference:
To + 21

Now, choosing x = and taking z; — o = 2h, we obtain:
fle+h)— flz—h)

f'@) = =

h?
- Ef(g) (5)7 f G]l’o,ﬂ?l[
Thus the second-order centered derivative of f is:

flx+h) = flz—h)

) = -

For n = 2, taking z = x1, xo = — h and x5 = x + h, we have:

fle+h) = flz—h)

fla) = T

h2
=), cele—ha+h]

hence the second-order centered derivative is:

flat+h)— flx—h)

) = =
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4.2.2 Second-Order Derivatives

4.2.2.1 Using the Taylor Series Formula:
If f € C*Ja,b]), we have:

2 3 4
F(@E+B) = (@) + (@) + o @)+ e fO@) + 5 /), & €z

and 2 3 1
fl@—h) = [@) = bf (@) + 51" (0) = TIO@) + &), & elr—hal

Therefore: A

£+ 1)+ F(@ — B) = 2 () + B2"(E) + b7 [FO@) + FO(@)]

for & €]z, + b, & €]z — h, Z[, thus:

f@+h)—2f()+ f(z —h)

f”(i‘) = h2

h2 4 4
=5 V&) + (&)

then:
vy JEER) 2@+ fE—h) B,
f(z) = s /)

with € €]z — h, T + h[. Hence the second-order centered formula for the second derivative of f is:

f!(f) ~ f(:E—f-h)—Q];(f)—f—f(l’—h)

4.2.2.2 Using Interpolation Formulas:

By the same principle, for the second derivative we generally choose to interpolate over three
points, which gives (in the case of equally spaced points):

(3) 2
f(@) = f(xo) + flzo, z1](x — 20) + flxo, 21, 22| (7 — T0) (2 — 1) + f 6(5) H(:I: —x;), & €]wg, 1]
Then: W )
F@) = flov.an] + a2 — 2y — o) + O [ - )
(3)
+f 6(5) (22 — 21 — zo)(x — 22) + (z — x)(z — x1)], & €]z, 23]
Thus: @
f"(z) = 2f[xo, x1, Ta] + / 3(5) (22 — 21 — z0)(z — 2) + (z — x0)(x — 21)]
(3) (5)
+f 3(5) 2(x — x) + (20 — xg — x1)] + fT(g)wg(x)

If x =2, x1 = x4+ h and x5 = x + 2h, we have:

fx+2h)=2f(x+h)+ f(z) 2R h

f”(l’) = 12 - ?f(4)(€) - gf(3)(£), 5 E]l’,% + Qh[
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henee: Jlat2h) — 20 (x4 b) + ()
/ T+ — r+n)+ jlx
7w~ -
4.2.3 Error

4.2.3.1 First Order Derivative

Theorem 9 Let f : R — R be a C? function, o € R and h > 0. Then

Eq = [f'(z0) = fi(o)]

h
< — ma "(x
< e (7'

Theorem 10 Let f : R — R be a C? function, xo € R and h > 0. Then

Eg = |f'(x0) — fi(x0)]

h
<5  max |f(z)|
2356

[xo—h,x0]

Theorem 11 Let f : R — R be a C? function, xo € R and h > 0. Then

B = |f(w0) - filwo)l < 5

4.2.3.2 Second Derivative

h?

max |f(3)(x)}

h h
me[mo—g,xo—&-g

Let f:R — R be a C* function, o € R and h > 0. Then

E. = |f"(x0) — f!(0)

2

< (4)
’ — 24 J:E[x(fr—lg,);o—i—h] ‘f (-I')‘

Example 34 Consider the second-order centered differences for computing the first and second
derivatives of the function f(x) = e* at x = 0. These two computations, which should normally
yield 1, allow us to appreciate the precision of the results. The following table gathers the results
in single precision, which corresponds roughly to working with a mantissa of 7 decimal digits.

P AT (G R IR (GRS (L)
1071 1.175201178 1.086161137
1072 1.001667619 1.000839472
1073 1.000016928 1.000165939
10~* 1.000017047 1.013279080
107° 1.000166059 0.000000000
10°°¢ 1.001358151 0.000000000
10-7 0.983476758 —59604.6601

Table 4.1: Numerical instability (single precision)
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The value of h s successively reduced by a factor of 10 starting from h = 0.1. It is observed
that, as h decreases, the accuracy of the derivatives initially increases, then suddenly degrades for
smaller values of h. This is particularly evident for the second derivative. If we switch to double
precision (equivalent to about 15 decimal digits in the mantissa), a similar behavior is observed,
but it occurs at smaller values of h.

O A0 S (Gt N PTG GRR) (GRS (1)
1072 1,00001666674999212 1,00000833336055805
1073 1,00000016666668134 1,00000008340650481
1074 1,00000000166688974 1,00000000502475928
107° 1,00000000001210232 0,99999897251734626
107° 0,99999999997324440 0,99997787827987816
1077 0,99999999947364393 0,99920072216264044
1078 0,99999999392252880 0, 00000000000000000
1077 1,00000002722921955 111, 022302462515597
10710 1,00000008274037078 0,00000000000000000
1071 1,00000008274037078 0,00000000000000000
10712 0,99975583367495335 0, 000000000
1071 0,99975583367495335 —11102230246, 251562
1071 1,05471187339389871 111022302462515, 641
10-17 0, 00000000000000000 0, 00000000000000000

Table 4.2: Instabilité numérique (double précision)

Lorsque h est trop petit, [’élimination par soustraction des chiffres significatifs a un impact
dévastateur sur la précision des résultats. Il est donc recommandé d’étre trés prudent dans le
choiz de h et d’éviter des valeurs trop petites.

4.3 Richardson Extrapolation

The Richardson extrapolation method is valid not only for numerical differentiation and integra-
tion, but also for interpolation, numerical solution of differential equations, etc. This technique
allows increasing the accuracy of an approximation method through an extrapolation technique
that we describe in this section.

Let us start with a numerical approximation, denoted Q,p,(h), of some unknown exact quan-
tity Qeze. The numerical approximation depends on a parameter h, as is often the case. Generally,
the smaller h is, the more accurate the approximation. Furthermore, we assume that this approx-
imation is of order n, that is:

Qeva = Qapp(h) + O(h")

The notation O(h™) actually means that we have:
Qeza = Qapp(h) + Cnhn + Cn+1hn+1 + Cn+2hn+2 + - (431)

where the constants ¢, depend on the numerical method used. The Richardson extrapolation
technique consists of obtaining, from the approximation (4.3.1) of order n, a new approximation
of order at least (n + 1).
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h
To do this, it suffices to replace h by 3 in equation (4.3.1), which leads to the relation:

h h n h n+1 h n+2
Qe:{:a = Qapp (5) + ¢, (5) + Cpp1 (5) + Cpt2 (5) + - (432)

The approximation Qg (%) is more accurate than Qg (h). However, we can use these two
approximations to obtain a new one, even more accurate. The idea is to combine relations (4.3.1)
and (4.3.2) in such a way that the term of order n (¢,,h"™) disappears. This is possible if we multiply

equation (4.3.2) by 2" to obtain:

h hrtl hrt2
2"Qeza = 2" Qapp (5) +cph"™ 4 (T) T Cnt2 (?) .

Subtracting relation (4.3.1) from this last one yields:

h 1

3
(2n - 1)Qexa - QnQapp (§> - Qapp(h) - §Cn+1hn+1 - ch+2hn+2 + -

from which N
Q = 2nQapp (5) o Qapp(h) _%Cn+1hn+1 - %Cﬂ+2hn+2 T
exa (271 N 1) (2n _ 1)

which can be written more simply:

(4.3.3)

The expression on the right is therefore an approximation of order at least (n 4+ 1) of Qeyq.
Richardson extrapolation thus allows gaining at least one order of convergence. In fact, one can
gain more if, for example, we have ¢,,; = 0 from the start. In this case, the new approximation
is of order (n+ 2). This situation occurs frequently, particularly with centered differences and the
trapezoidal integration method that we will see later.

Example 35 We saw that using a first-order forward difference to compute the derivative of e*
at v =0 gives:

0+h _ 0 0.1 _ 1
£1(0) =~ & - c_¢ G = LOSLT0918 = Qup(0.1)
h=0.1
for / 2005 _ |
J'(0) =~ = 10254219 = Qupy (0.05)
for h =0.05

We can now perform the calculation using equation (/.3.3) with n =1, obtaining:

2! Quapp (0.05) — Qupp(0.1
F1(0) ~ Qapp (0.05) = Qupp ):(2)(1.0254219)—1.05170918:0.99913462

2t =1

which is an order 2 approrimation and therefore more accurate for f'(0). Similarly, if we use a
second-order centered difference, we obtain for h = 0.05:

60.05 o 670.05
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and with h = 0.025, we have:

60.025 _ 6—0.025

In this case, Richardson extrapolation allows gaining 2 orders of precision since only even powers
of h appear in the error term. More precisely, we have:

fla+h) = flz—h) FU@E DR o

Y
oh =F@) Ty

The centered difference being of order 2, Richardson extrapolation with n = 2 gives:

22Quy (0.025) — Qupp(0.05)  4(1.00010418) — 1.0004167

/
~ - = 1.
£(0) 1) : 000000007

which 1s an order 4 approzimation of the exact solution.

Remark 14 From the previous examples, we conclude that it is better to avoid using very small
values of h to compute a derwative using a finite difference formula. It is indeed preferable to
choose a value of h that is not too small and to perform Richardson extrapolations.

4.4 Numerical Integration

Numerical integration is primarily based on the relation:

/z O fx)de = / 0 Py(z)dz + / O Ey(z)dx (4.4.1)

where P,(z) is an interpolation polynomial and E,(x) is the associated error. By varying the
value of n, we obtain the Newton-Cotes formulas. In principle, the higher n is, the greater the
precision of the computed integral value. However, in practice, values of n greater than 4 are
rarely used.

Furthermore, Richardson extrapolation, judiciously combined with one of the Newton-Cotes
formulas, leads to the Romberg method, one of the most precise numerical integration techniques.

4.4.1 Composite Trapezoidal Method

The principle of this method is to decompose the integration interval [a, b] into n subintervals
of length:
b—a

n

h:

The generated points are denoted x; for ¢ = 0,1,2,--- ,n. The values at the endpoints are a = x
and b = x,,. In each subinterval [x;, x;,1], we can use the trapezoidal method. We then have:

n—1

b n—1 Tit1 h n—1
[ s =3 [ s = g1 + = g (S0 + 23 w0 + S
a i=0 Y Ti i=1

1=

which is the composite trapezoidal formula.
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b—a and therefore n = b—a
n h

In each of the n subintervals [z;, z;11], we commit an error related to the trapezoidal method.

Since:
h f—

The total error committed is:
(&), 3\ b—a\ f"(€),s b—a

_L S 3 LSy 2 7

12 h 12 12

f"(€)h? for € € [a, b]

The composite trapezoidal method is of order 2.

flx)

\

b X

/

I
||I[I1 i | o Ty " I'p—2 Tn—1Tn

Figure 4.1: Composite trapezoidal method

Example 36 We want to compute the integral
2
I= / sin(z)dx
0

Using 4 intervals of length
h =

=8 (sin(O) +2 [Sin (%) + sin (%) + sin <§

which gives an absolute error of about 0.01288 compared to the exact solution.
It is interesting to repeat this calculation with 8 intervals. The value of h is now — and we

37r>} 4 sin (g)) = 0.9871158

have:
v
ks 3 5 3 ’
1= 35 (sin(0) +2 sin (55) s (5) sin (55 ) i (5) sin (55 ) oin () +n (55) |+

= (0.9967852
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The absolute error has been reduced to 0.0032. This absolute error is about 4 times smaller
than the error obtained with 4 intervals, which confirms that this method is of order 2.

1,0

b)

ix
E

a = = x = Az
¥ T = T 1 [] 18

Figure 4.2: Composite trapezoidal method, f(z) = sin(z) (a) 4 intervals - b) 8 intervals)

4.4.2 Romberg Method

The Romberg method is an integration method that allows achieving very precise results. It is
based on a very clever use of the composite trapezoidal method (of order 2) and the Richardson
extrapolation technique (4.3.3). Indeed, under sufficient regularity assumptions of the function
f(z), it can be shown that the error term of the composite trapezoidal method is written as:

—%f”(ﬁ)lf = coh® + cyh* + cgh® + - - -
where the ¢; are constants. The additional information we gain from this relation is that only
even-order terms are present. The absence of odd powers of h allows, from the perspective of
Richardson extrapolation, to gain two orders of convergence with each extrapolation. Moreover,
the extrapolated values, which are of order 4, can in turn be extrapolated to reach order 6, and so
on. This systematic use of Richardson extrapolation allows successively obtaining approximations

of: b
/a f(2)dz

of order 2,4, 6,8 and higher. In practice, this generally yields extremely precise results.

First, let us introduce some notations. We denote 77 ; as the result obtained using the composite
trapezoidal method with 2°~! intervals. The T3, are order 2 approximations. To go from T} ; to
T} i+1, we must double the number of subintervals, which amounts to dividing the value of i by
two. Using Richardson extrapolation (4.3.3) with n = 2, we then define:

4T ;04 — T,
Ty, = 1,4+1_1 1,

and the T5; are order 4 approximations. We then successively define:

42T2i+1_T2i
Ti: _ Taetrs et
3 42 1

43T3i+1 _T3i
T i = _
+ FE]
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and so on, thus the Romberg algorithm becomes:

4k71T_i —Th1s
T, — k—1,i+1 k—1,
’ P

This defines a triangular table of the form:

| Méthode de Romberg |

Tiyw The Thy Tia Tis Tig (ordre 2)
Thy Too Tag Tog Top (ordre 4)
T3y T390 T33 Tiy (ordre 6)
Ti1 Tyo Tys (ordre 8)
Ts51 T (ordre 10)
15,1 (ordre 12)

Figure 4.3: Romberg method

Example 37 We have already obtained, in previous calculations, the values 113 = 0.9871158
and Ty 4 = 0.9967852 corresponding to the composite trapezoidal formula with 4 and 8 intervals

respectively to evaluate:
3
/ sin(x)dx
0

It 1s then possible to fill the first row of the table by calculating:

Tia=2 <sin(0) +sin (g)) - % — 0.785398164
Ty, = % <sm(0) 4 2gin (%) 1 sin (g)) — 0.9480594

which is of order 2. Now calculating the second row which 1s of order 4 by performing the different
Richardson extrapolations:

4(0.9480594) — 0.785398164

Ty, = = 1.0022
2,1 11 0022799
4(0.9871158) — 0.94 4
Ty, — (0.9871158) — 0.948059 _ 1.0001346
’ 4—1
4(0.9967852) — 0.9871158
Ths = ( 1 ) 1 = 1.0000083
Now calculating the third row which is of order 6:
4%(1.0001346) — 1.0022
T31 = (1-0001316) = 1.0022799 _ ) 499916

42 —1
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4%(1.0000083) — 1.0001346

21 = 0.9999999

Ts0 =
Then finally the last row:

43(0.9999999) — 0.9999916
43 —1

Ty, = = 1.0000000

The results are summarized in the following table:

[~ E

Méthode de Romberg : / sin xdx
0
0,785 3982 0,9480594 0,9871158 0,996 7852 (ordre 2)

1,0022799 1.,0001346 1,0000083 (ordre 4)
0,999 9916 0,9999999 (ordre 6)
1,000 0000 (ordre 8)

Figure 4.4: Romberg integration results for fog sin(z)dx

Remark 15 We note that the precision increases as we move downward (because the order of the
approzimation increases) and to the right on the same row (because h is divided by 2 between each
value).

4.5 Solved exercises

Exercise 4.1 Given the following table of values for a function f(z)

x 2.7 2.9 3 3.025 3.1 3.2
f(z) | 10.27209350 | 10.18854349 | 10.15883743 | 10.15270853 | 10.13747096 | 10.12453927

Knowing that f'(3) = —0.255605459076443, compare the accuracy of the different order 2
formulas that you can use from this data.

Solution
1. We want to compute the approximate value of f’(3) using numerical differentiation methods.
Since the abscissas are not equally spaced, there are only two possibilities:
Second-order right difference formula:
_Af(x+h) = 3f(x) — flx+2h)  4f(3.1) —3f(3) — f(3.2)

fi(z) ~ o = o1 — —0.2558386

Second-order centered difference formula:

)~ LEF h>2_hf<x —h) _ f(3;)x_0f1(2'9> — —0.25536265
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2. The exact value is given by: f’(3) = —0.255605459076443. To compare the results of the
two formulas, we calculate the absolute error:

1F/(3) — f4(3)] < 2.33 x 1074

1£/(3) — fi(3)] <242 x 107*

We observe that there is a slight difference between the errors of the two methods, but the
right difference formula gives a more accurate result than the centered one.

Exercise 4.2 Consider a cylindrical tank with a circular base of radius R = 1 m, filled with
water, and having a drainage hole of radius » = 0.1 m at its base. We measure the water
height ¢(t) in the tank every 5 seconds (¢ denotes time).

t(s) 0 5 10 15 20
q(t) (m) | 0.6350 | 0.5336 | 0.4410 | 0.3572 | 0.2822

Calculate the approximation of the drainage velocity ¢'(t) using the three methods and
compare it with that predicted by Torricelli’s law:

2

q(t) =~y (%) 29q(t)

where g is the gravitational acceleration and v = 0.6 is a correction coefficient.

Solution
Solving the problem using the right, left, and centered difference formulas with A = 5 to
approximate ¢'(t). We obtain the following results:

t 0 3 10 15 20
Exact ¢/(t) —0.0212 | —0.0194 | —0.0176 | —0.0159 | —0.0159
Right difference ¢/(t) —0.0203 | —0.0185 | —0.0168 | —0.0150 -
Left difference g, (¢) - —0.0203 | —0.0185 | —0.0168 | —0.0150
Centered difference ¢ (t) - —0.0194 | —0.0176 | —0.0159 -

By comparing the values of the exact derivative and those obtained with the finite difference
formulas (for h = 5), we observe that the centered difference formula gives better results than the
other formulas.

Exercise 4.3 Let f(x) be a function known only for a few values of .

T; 0 0.25 0.50 0.75 1
f(z;) | 0.3989 | 0.3867 | 0.3521 | 0.3011 | 0.2420
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We want to compute
1
| s
0
using the Romberg method.
Solution
To compute the 77 ; we use the composite trapezoidal method.
For h = 1: 1 ]
T, = 3 [f(0)+ f(1)] = 5[0.3989 + 0.2420] = 0.32045
For h = 0.5:
0.5
T o = 5 [f(0)+ f(1) +2£(0.5)] = 0.25[0.3989 + 0.2420 + 2 x 0.3521] = 0.25 x 1.3451 = 0.336275
For h = 0.25:
0.25
T3 = 5 [f(0)+ f(1)+2(f(0.25) + f(0.5) + f(0.75))] = 0.125[0.39894-0.2420+2(0.3867-+0.3521+0.301!

Then we use the Romberg method:
ATy — Ty 4x0.336275 —0.32045  1.3451 —0.32045  1.02465

T _ _ — 0.34155
21 3 3 3 3
AT s —Tio 4% 0.3400875 — 0.336275  1.36035 — 0.336275  1.024075
Ty, = -3~ 712  2X _ _ — 0.3413583
: 3 3 3
16Ty — T 16 x 0.3413583 — 0.341 4617328 — (0.341 120182
o 6752 —Toy _ 16 x 03413583 034155 _ 54617328 — 034155 _ 51201828 _ .\
: 15 15 15 15
Therefore:

1
/ f(z)dr ~ 0.34134552
0

Exercise 4.4 Counsider

/1 dzx
0 T + 1
1. Give the exact value of this integral.

2. Compute the values of T} ; until:

|11 i1 — T4

< 0.005
T i41]

3. From the results obtained in part 2), determine the value of the integral using the
Romberg method.
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Solution
We want to compute

I:/1 dx
0 Jj'—l—l

(b) Let us compute the approximate value of I using the Romberg method such that

(a) The exact value of I is In(2).

|T1,i+1 - Tl,i|

< 0.005
|T1,i+1|

To compute the 77 ; we use the composite trapezoidal method.
For h = 1:

Ty = 5 [F(0) + £(1)] = 075

For h = 0.5: 0.5
Tia = = [f(0) + f(1) +2f(0.5)] = 0.70833333
For h = 0.25:
Tys= % [£(0) + £(1) + 2£(0.25) + 2£(0.5) + 2£(0.75)] = 0.69702380

For h = 0.125:
Tig = % [£(0) + f(1) +2£(0.125) + 2£(0.25) + 2£(0.375) + 2£(0.5) + 2£(0.625) + 2£(0.75) + 2f
We have

[T1a = Thal _ 0.0041 < 0.005

|Th 4]

(c) Let us use the previous results to compute I:

AT o —Tha

Ty, = = (0.69444444

. A4Tv 3 — T

Tho = = 0.69325396
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Exercise 4.5 A car traveling at 60 km/h accelerates at time t =0 s and its speed in km/h is
measured reqularly as shown in the following table:

t (s) 0]05] I |15] 2
v (km/h) | 60 | 68.4 | 75.5 | 82.2 | 80.4

1. Give an approxzimation of the acceleration v (m/s*) at t = 1 s using the centered differ-
ence method.

2. FEstimate the distance traveled in the interval [0,2] using the Romberg method (Hint:
integrate the velocity).

3. Specify the order of this approximation.

Solution

1. Using the centered difference formula:

For h =0.5:

First, convert speeds from km/h to m/s: multiply by % = %

o wo(L5) —v(0.5) 822684
V(1) =a~ 5 % 0.5 = 1 = 13.8 km/h/s

Convert to m/s? 13.8 x & = 3.833 m/s”

2. To calculate the T} ;, we use the composite trapezoidal formula.

First, convert all speeds to m/s:
e v(0) =60 x % = 16.667 m/s
e v(0.5) = 68.4 x & =19.000 m/s
e v(1) =755 x & =20.972 m/s
e v(1.5) =822 x & =22.833 m/s

(

8
o v(2) =80.4 x & =22.333 m/s

For h = 2 (1 interval):

2
Tia = 5[0(0) +v(2)] = 16.667 + 22.333 = 39.000 m

For h =1 (2 intervals):

1 1
Tyz = 5[0(0) +20(1) +0(2)] = 5[16.667 + 2(20.972) + 22.333] = 40.472 m
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For h = 0.5 (4 intervals):

Tis = =2 [0(0) + 2(0(0.5) 4+ v(1) +v(15)) + v(2)] = 41153 m

The method is of order 2.
To calculate the T5;, we use the Romberg method. The Romberg algorithm is defined by:

k-1
AT 141 — Ty

Thi =

P
4 % 40.472 — 39.000
Ty, = -2 — 40.963 m
’ 1-1
4 % 41.153 — 40.472
Tyy = . 453 N 0 =41.380 m

The method is of order 4.

42 x 41.380 — 40.963
Tyo= — yEa— — 41.407 m

Therefore, the distance traveled is:

d=41.407 m

The method is of order 6.



Chapter 5

Differential equations

5.1 System of Differential Equations

A system of differential equations is a set of two or more ordinary differential equations (ODEs)
in which several dependent variables are functions of a single independent variable (usually time)
and are interrelated through their derivatives.

In contrast to a single differential equation involving one function y(z), a system involves
several functions y1(x), y2(x), ..., yn(x) whose rates of change depend not only on themselves but
also on each other.

A general first-order system of ordinary differential equations can be written as:

(d
él_y; = fiT, Y1, 92, Yn),
Y2
dx - f2(x7ylay27 T 7yn)7
dys,
\% - fn(x7y17y27 ce 7yn)a

or, in compact matrix-vector form:

Z—sz(x,y),
where
() file,y)
v = | O]t sy = | )
() ful)

Such systems naturally arise in modeling complex physical, chemical, and biological processes
where multiple quantities evolve simultaneously and influence one another.

Typical examples include:

e clectrical circuits (currents and voltages coupled through Kirchhoff’s laws),

e mechanical systems with multiple interacting masses and springs,

e chemical reaction kinetics,

105
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e population dynamics in ecology,
e coupled thermal or fluid processes.

Since analytical solutions rarely exist for nonlinear systems, numerical methods such as the
Runge-Kutta family or multistep techniques are often used to approximate the behavior of these
systems with high accuracy.

5.1.1 Euler’s method
Leonhard Euler’s method (1707 — 1783) is a first-order single-step method. It consists of
d i1 — Yi \ .
replacing the derivation operator o by the discrete scheme (%) in our problem and we
x
obtain the following schema:
Tiy1 =T +h
. 1.1
{yi+1:yi+hf(xi7yi)70§2§n—1 (5.1.1)

In practice, Euler’s method is not used, as it does not offer sufficient accuracy. This method is
convergent and first-order, as the consistency error is

1
ly(z:) — yil = §h2f/(07 Yi); ¢ € (i1, w3
Example 38 Solve the initial value problem (IVP) using Euler’s method:

dy 2

—=y—t"+1 0)=0.5

o =y )
Approzimate the solution on the interval [0, 2] with step size h = 0.5.

The iterative formula for Euler’s method is:

Ynt+1 = Yn + h - f(tm yn)
where f(t,y) =y —t*+1, to =0, yo = 0.5, and h = 0.5.

1. Step 1: to =0, yo=0.5
f(to,90) =05—-02+1=15
y1=vyo+h- f(to,y0) =0.54+0.5-1.5=1.25

2. Step 2: 1, =05, y = 1.25
Flty,y) =1.25— (05)24+1=20
yp =1.25+0.5-2.0 =225

3. Step 8: ty = 1.0, y, = 2.25
Flta,ys) =225 — 1241 =225
ys = 2.25 + 0.5 - 2.25 = 3.375

4. Step 4: t3=1.5, y3 = 3.375
f(ts,y3) = 3.375 — (1.5)% + 1 = 2.125
ys = 3.375 + 0.5 - 2.125 = 4.4375
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Results
n | t, Yn
01| 0.0 0.5
1105 1.25
21 1.0 2.25
31 1.5| 3.375
41 2.0 4.4375

The approzimate solution at t = 2 is y(2) ~ 4.4375. Euler’s method progresses by following
the tangent line at each point, with the step size h controlling the accuracy.

5.1.2 Method of Runge Kutta

Carl Runge (1856 — 1927) and Martin Kutta (1867 — 1944) proposed in 1895 to solve the Cauchy
problem (5.1.1), the numerical scheme becomes:

Tit1 =T + hy
5.1.2
{ Yir1 = Yi + ho (@i, yi, hy) ( )

where the increment function ¢ is an approximation of the function f(z,y) on the interval [x;, x;11].

Let’s go back to Cauchy’s problem Integrating the two sides over the interval [z;, z;.1], we
obtain

Yot — i — / + P y()dt (5.1.3)

Instead of approximating y’ using approximate derivation formulae, we can approximate the
integral in (5.1.3) using a numerical quadrature formula. For example, the trapezoid formula gives
the following numerical diagram:

h
Yi+1 — Y = (5][(%’7 yz) + f(37i+1> yi+1)>
The diagram becomes :
(b ke
Yiv1 = Y 2 2
where £ )
ki = hf(zi, v
{ ko = hf(z; + h,y; + ki) (5.1.4)

Example 39 Consider the initial value problem:
dy
— = f(t to) = yo.
o = f(y), ylte) = o
Solve y' = —2ty, y(0) =1 on [0,1] with h = 0.5.
St@p 1: ty = 07y0 =1
k1 =05-(-2-0-1)=0,
ko =05-(—=2-0.5-(1+0)) =—0.5,
1

m:1+§m+t45»:0%.
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Step 2: t; =0.5,y; = 0.75

Jey =05 (=2-0.5-0.75) = —0.375,
Jo = 0.5 (=2-1.0 - (0.75 — 0.375)) = —0.375,

1
g2 = 0.75 + o (~0.375 + (~0.375)) = 0.375.

Final Result The numerical approximation at t =1 s yo ~ 0.375.

h
We introduce the midpoint x4/, = xi+§ and approximating the integral (5.1.3) by Simpson’s
formula, we obtain

[ oy =

The implicit diagram becomes :

h
3 (f(xi,y:) +4f (@igry2, Yivrje) + f(@is1, Yis1))

1
Yit1 = Yi + G (k1 + 2Ky + 2k3 + ky]

with )
kl = hf(ﬁ@,%)
h k
ko =hf Iz+§7yi+?1
A (5.1.5)
ks =hf |z + 2»%"‘5
(ks = hf(xi+ h,y; + k3)

Example 40 Consider the following first-order ordinary differential equation:

dy
27 =1 5.1.6
=Tty y(0) (5.1.6)

We will use the classical fourth-order Runge-Kutta (RK4) method with a step size h = 0.1 to
compute the approximate value of y(0.1).

Step 1: Computation of ki, ko, k3, and ky

Given that f(x,y) = x + vy, and using xo =0, yo = 1, and h = 0.1, we obtain:

k1 =0.1x f(0,1)=01x (0+1)=0.1,

ks = 0.1 x f(0.05,14 %) = 0.1 x (0.05 + 1.05) = 0.110,

ks = 0.1 x f(0.05,1 4 %41%) = 0.1 x (0.05 + 1.055) = 0.1105,
(

ky=0.1x f(0.1,1+0.1105) = 0.1 x (0.1 4+ 1.1105) = 0.12105.
Step 2: Update of y

Y1 =Y + 6(k71 + 2ko + 2k3 + ky)

1
=1+ 6(0.1 +2x0.11 +2 x 0.1105 + 0.12105)

=1+0.1103417 = 1.11034
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Thus, the approximate value of the solution at x = 0.1 s:

y(0.1) ~ 1.1103.

Analytical Comparison
The exact solution of the differential equation is obtained by solving

.
T

The integrating factor is e™*, so:

y(r) =Ce" —x — 1.
Applying the initial condition y(0) = 1 gives C' = 2. Therefore:

y(r) =2e" —x — 1.

Atz =0.1:
y(0.1) = 26 — 0.1 — 1 = 2(1.10517) — 1.1 = 1.11034.

The analytical and numerical results agree up to five decimal places, confirming the accuracy of
the RK/ method.

Step | ; Yi k1 ks ks k4 Yit1
1 0.0 | 1.0000 | 0.1000 | 0.1100 | 0.1105 | 0.12105 | 1.11034

Table 5.1: Computation of y(0.1) using the Runge-Kutta 4th order method.

5.1.3 Multistep method
Let’s say we want to solve the following differential equation

/

Yy :f($ay)> y($0) =Y

The methods we presented so far require that we know the values of f at (x;,y;) to predict the

value of y(z;11).

Multistep methods are a wide range of methods that are generally much more precise. The

downfall however, is that they require to know the values of f at previous points: z;_1,x; o, --
By integrating both sides of the equation ¢’ = f(x,y) over [z;, ;11], we get:

/%Hl y' () de = /%Hl flz,y(z)) dx (5.1.7)
i) =)+ [ Sy ds (5.15)

i

Let us denote f; = f(z;,y(z;)) and y(x;) = y;
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1. Adams-Molton method

Let us approximate [~ f(z,y(z)) dz using trapeze formula:

i

[ st de S0+ f)

i) =(e) + [ flay@) da (519)
= Yir1 =Yi + g(fz + fiv1) (5.1.10)

Thus, Adams-Molton Formula is given by:

h
Yir1 = Yi + §(fi + fit1)

2. Adams-Bashforth method
Let us interpolate f on [x;_1, ]
P(z) = fi + —fi_,{“l (x — ;)

/ @) [ pta)da

T

/:“p(x) dr = /Dh (fz» n %t) dat

_ fi— ficx R?
B A

= (= fi)
= 235~ i)

i

y(@in) =y(es) + / " e y(@) de

i

~y(e) + 5 (3~ fio)

Thus, Adams-Bashforth Formula is given by:

h
Yir1 = Yi + 5(3fz' — fi-1)




CHAPTER 5. DIFFERENTIAL EQUATIONS 111

t | Analytical e* RK2 RK4 AB2 AM2
0.0 1.000000 1.000000 | 1.000000 | 1.000000 | 1.000000
0.1 1.221403 1.221000 | 1.221400 | 1.221400 | 1.222222
0.2 1.491825 1.491641 | 1.491818 | 1.487820 | 1.493827
0.3 1.822119 1.821772 | 1.822106 | 1.812026 | 1.825789
0.4 2.225541 2.224989 | 2.225521 | 2.206852 | 2.231520
0.5 2.718282 2.717507 | 2.718251 | 2.687705 | 2.727413
0.6 3.320117 3.319113 | 3.320072 | 3.273331 | 3.333505
0.7 4.055200 4.053965 | 4.055136 | 3.986560 | 4.074283
0.8 4.953032 4.951566 | 4.952943 | 4.855195 | 4.979680
0.9 6.049647 6.047951 | 6.049525 | 5.913097 | 6.086275
1.0 7.389056 7.387132 | 7.388889 | 7.201507 | 7.438781

Table 5.2: Comparison of Analytical, RK2, RK4, AB2 and AM2 for v = 2y with step h = 0.1.

Both methods can be conbined as follows:
Let us denote f; = f(x;,y;)
1. (Predictor) Use Adams-Bashforth Formula:

h .
yz()+1:yl+§(3fl_fl*1)7 12071727'”

2. Use y}\; to evaluate fP; ~ f(it1, Yit1)

3. (Corrector) Use Adams-Molton Formula:
m—+1 h m
Yiv1 :yi‘|'§(fz‘+ iv1), m=0,1,2--

4. (optional) Recalculate fl.; ~ f(zi1,y},;)and plug it back into step 3 (corrector formula)
to get ny, and so on, until the answer converges.

Example 41 Let us resolve y' = 4e%* — 0.5y y(0) = 2
We will use the Adams-Bashforth method with a step h =1
Then, f(x,y) = 4e"8 — 0.5y, 29 =0, yo = 2
Suppose we know the value of y at x = —1 to be y(—1) = —0.3929953
Step1: Predictor

h
Y =yo + 5(3fo - f-1)

fo= f<x07 yo) = f(07 2) = 4¢0800) — 0-5(2) =3
foa=flx_1,y-1) = f(—1,-0.3929953) = 4e0-8(-1) _ 0.5(—0.3929953) = 1.9938135

1
¥ =2+ 5(3(3) — 1.9938135)
= 5.5030932
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flo = f(xby(l))
=£(1,5.5030932)
=4e%8M) — 0.5(5.5030932)
=6.1506171

Step3: Corrector

h
y%:yo+§(fo+f10)

1
=2+ 5(3+6.1506171)
= 6.5753085

Since the analytical solution is given by

4

= 1—3(60'8x — e 05T) 4 26705 = (1) = 6.1946314

y(x)

The relative error is Ef, = |y(1) — yi]/|y(1)| = 6.14%
For better accuracy, we can go back to step 2 to re-estimate a more precise approximation of

f(@1,9n).

fll = f(xby%)
—£(1,6.5753085)

—4e%8M) — 0.5(6.5753085)
=5.6145095

We can now proceed with the corrector step:

h
y%:yo+§(fo+f11)

1
=2+ 5(3 + 5.6145095)
= 6.3072547

The relative error is now E3 = |y(1) — y?|/|y(1)] = 1.81%

5.2 The Shooting Method

The shooting method is based on converting the boundary-value problem into an equivalent
initial-value problem. A trial-and-error approach is then implemented to solve the initial-value
version. The approach can be illustrated by an example.

Lets define before the two points boundary value problems.
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5.2.1 Two Points Boundary-Value Problems

A Two-Point Boundary Value Problem (TPBVP) is a differential equation problem de-
fined on the interval [a,b] C R, where the solution is constrained by conditions imposed at both
endpoints. The general form of a second-order TPBVP is:

d? d

E%:f@%ﬁ),xamm (5.2.1)
y(a) = o,

y(b) = B,

where f is a given function, and «, 5 € R are prescribed boundary values.
More generally, for an n-th order ODE, the boundary conditions may involve derivatives:

yla) =g, Y(a)=ay, ..., y¥(a)= o,
y®) =60, YO) =B, oy y™b) = B
with k +m + 2 =n.
TPBVPs commonly arise in physical systems such as heat conduction, beam deflection, and
fluid dynamics, where constraints are applied at spatial boundaries.
Example 42 The conservation of heat can be used to develop a heat balance for a long, thin rod.
If the rod is not insulated along its length and the system is at a steady state, the equation that
results is
d*T

s H (T, =T) =0 (27.1)

where h' is a heat transfer coefficient (m~2) thal parameterizes the rate of heat dissipation to the
surrounding air and T, is the temperature of the surrounding air (/i °C).

To obtain a solution for Eq. (27.1), there must be appropriate boundary conditions. A simple
case is where the temperatures at the ends of the rod are held at fized values. These can be expressed

mathematically as
T(O) — T1 ,T(L) — T2

With these conditions, Eq. (27.1) can be solved analytically using calculus. For a 10-m rod with
T, = 20,177 = 40,T5 = 200, and h' = 0.01, the solution is

T = 73.4523¢%1" — 53.4523¢ 1% + 20 (27.2)

In the following sections, the same problem will be solved using numerical approaches.
Use the shooting method to solve Eq. (27.1) for a 10-m rod with h' = 0.01m=2, T, = 20, and
the boundary conditions

T(0) =40 T(10) = 200

Solution.
Using the same approach as was employed to transform Eq. (PT7.2) into Eqs. (PT7.3) through
(PT7.6), the second-order equation can be expressed as two first-order ODEs:

aT
— = E27.1.1
= (E27.1.1)
dz ,
o W(T-T,) (F27.1.2)

dx
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To solve these equations, we require an initial value for z. For the shooting method, we guess
a value-say, z(0) = 10. The solution is then obtained by integrating Eq. (E27.1.1) and (E27.1.2)
simultaneously. For example, using a fourth-order RK method with a step size of 2, we obtain a
value at the end of the interval of 7'(10) = 168.3797, which differs from the boundary condition of
T(10) = 200. Therefore, we make another guess, z(0) = 20, and perform the computation again.
This time, the result of 7'(10) = 285.8980 is obtained.

Now, because the original ODE is linear, the values

2(0) =10 7T(10) = 168.3797
and
2(0) =20 T(10) = 285.8980

are linearly related. Assuch, they can be used to compute the value of z(0) that yields 7°(10) = 200.
A linear interpolation formula [recall Eq. (18.2)] can be employed for this purpose:
20 —-10

=1 200 — 168. =12.
2(0) 0+ 985 8930 — 168.3797( 00 — 168.3797) 6907

This value can then be used to determine the correct solution.

For nonlinear boundary-value problems, linear interpolation or extrapolation through two so-
lution points will not necessarily result in an accurate estimate of the required boundary condition
to attain an exact solution. An alternative is to perform three applications of the shooting method
and use a quadratic interpolating polynomial to estimate the proper boundary condition. How-
ever, it is unlikely that such an approach would yield the exact answer, and additional iterations
would be necessary to obtain the solution.

Another approach for a nonlinear problem involves recasting it as a roots problem. Recall that
the general form of a roots problem is to find the value of = that makes the function f(x) = 0.
Now, let us use Example 27.1 to understand how the shooting method can be recast in this form.

First, recognize that the solution of the pair of differential equations is also a "function" in the
sense that we guess a condition at the left-hand end of the rod, zy5, and the integration yields a
prediction of the temperature at the right-hand end, Ty. Thus, we can think of the integration as

Ty = f(20)

That is, it represents a process whereby a guess of 2, yields a prediction of Tjy. Viewed in this
way, we can see that what we desire is the value of 2y that yields a specific value of T}y. If, as in
the example, we desire T7y = 200, the problem can be posed as

200 = f(z0)

By bringing the goal of 200 over to the right-hand side of the equation, we generate a new function,
g(z0), that represents the difference between what we have, f(z), and what we want, 200.

9(20) = f(20) — 200

If we drive this new function to zero, we will obtain the solution. The next example illustrates
the approach.
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Example 43 Problem Statement. Although it served our purposes for proving a simple boundary-
value problem, our model for the rod in Eq. (27.1) was not very realistic. For one thing, such a
rod would lose heat by mechanisms such as radiation that are nonlinear.

Suppose that the following nonlinear ODE s used to simulate the temperature of the heated
rod: 2T

" 4
T2 +h'(T,—T)"=0

where h" =5 x 1078, Now, although it is still not a very good representation of heat transfer, this
equation s straightforward enough to allow us to illustrate how the shooting method can be used
to solve a two-point nonlinear boundary-value problem. The remaining problem conditions are as

specified in Example 27.1.

Solution
The second-order equation can be expressed as two first-order ODEs:

dT
R 1
= (1)
dz
= =T =T)* (2
L =N(T=T)" ()

Now, these equations can be integrated using the fourth-order RK method. We implemented this
approach as a MATLAB script. The function integrated the equations based on random initial
guesses for z(0) and returned the temperature at x = 10. The difference between this value and
the goal of T* = 200 was then calculated. Using bisection method, we adjusted the value of z(0)
until the difference was driven to zero.

The approach effectively transformed the boundary value problem into a root-finding problem:

Find z; such that f(z5) =0, where f(z9) = T(10;29) — 200

where T'(10; zp) denotes the numerical solution of Equations (1),(2) at x = 10 with initial
condition z(0) = zo.
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20

Figure 5.1: initial conditions z, are taken in the interval [9,10]. The graph shows that the initial

condition we are looking for is in the interval [9.2,9.3]

0.5

-0.5 —

T(10)-T*
\

-25— -

9, 922 924 9.26 9.28 9.3

20

Figure 5.2: Applying bisection method, initial conditions z, are taken in a much refined interval
[9.2,9.3]. The graph shows that the initial condition we are looking for is in the interval [9.29,9.3]
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02— 2 —
0.15 — - —

01—

T(10)-T*
»

005 — - 1

-0.1 — -, =

9.29 9.292 9.294 9.296 9.298 9.3 9.302
20

Figure 5.3: Initial conditions zy, are now taken in the interval [9.29,9.3]. The graph shows that
the initial condition we are looking for is approximately zo = 9.2945

5.3 Finite Difference Method

The principle of all numerical methods for solving partial differential equations is to obtain
discrete numerical values (i.e., a finite number of values) that approximate the exact solution.

The differential problems presented earlier admit infinitely many solutions. To ensure unique-
ness, one must impose boundary conditions on the boundary 02 of €2, and for time-dependent
problems, initial conditions at t = 0.

Consider the Poisson equation

—u"(x) = f(z), x€la,b (5.3.1)
or in several dimensions
—Au(X) = f(X), X=(x1,...,29)" €Q (5.3.2)

where f is a given function and A is the Laplacian.

In the one-dimensional case, one way to uniquely determine the solution is to impose the values

of uat r =a and z = b: ") = fo) .
—u'(z) = f(x), =z €la,

Lot oy (533)
where o and [ are two given real numbers.

The differential equation (5.3.3) must in particular be satisfied at the interior nodes z; of ]a, b],
that is:

—u"(x;) = f(zj), j=1,...,N.



CHAPTER 5. DIFFERENTIAL EQUATIONS 118

We can approximate this set of N equations by replacing the second derivative with a finite
difference formula. For example, if u :]a, b[— R is sufficiently regular near a point = €la, b], then
the quantity
w(Z + h) — 2u(z) + u(z — h)

2

u' () ~

is an approximation of u” with respect to h.
This suggests approximating problem (5.3.3) as follows: find {u;}}_; such that

Uj+1 — 2Uj + Uj—1 -
{ - 52 _f('rj)7 j_la"-7N7 (534)
Up =, Uy =p.
We then obtain the following system:
([ ug — 2uy + U
_T = f(xl)
uz — 2uz + uy
- R f(x2)
(5.3.5)
uy — 2un_1 + un_
— ]221 2 = f(zn-1)
_UN+1 — 2un +UN—1 — f(xw)

\ h?

—uy + 2u; — a = h*f(xy)

—Uus + 2U2 — Uy = th(Qﬁg)

=4 (5.3.6)
—un +2un_1 — un—2 = h*f(zn_1)

—B 4 2uny —uy_1 = h*f(zy)

—ug + 2u; = h2f(x) + «

—Uus + 2U2 — Uy = hgf(.fllg)

=< (5.3.7)
—un +2un_1 — un—a = h*f(zn_1)

2uy —un—1 = h*f(zy) + 3

o
2 —1 0 0 w fla)+ 45
-1 2 -1 0 0 Us f(x2)
- 0 P '—1 | 0 u'3 _ 2 f@s)
-1 92 -1 UN-1 flzn-1)
0 0 -1 2 uN floyn) + %

Auy, = B2 f (5.3.8)
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with up = (uq, -+ ,uN)T the vector of unknowns,

f= <f(x1) - %,f(xg), e flenoy), flan) + %) , and A = tridiag(—1,2, —1) the tridiag-

onal matrix.

We consider the Poisson problem (5.3.2) in a two-dimensional domain (.

The finite difference method consists in approximating the partial derivatives in the PDE using
finite difference quotients computed on a grid composed of a finite number of nodes. The solution
u is then approximated only at these nodes.

The first step is therefore to define the computational grid. For simplicity, let us assume
that Q is a rectangle |a, b[x]c, d[. We introduce a partition of |a, b into subintervals |x;, z; 41| for
t=0,---,N, with xg = a and zn,11 = b.

Let A, = {zo, -+ ,xn,+1} denote the set of endpoints of these intervals and h, = max, (Tip1 — ;)

1=y, Ny

their maximum length.

We discretize y in the same way, A, = {yo, e ,yNyH} with yo = ¢, yn,41 = d and h, =
max;—o.... N, (¥j+1 — ;). The Cartesian product A, = A, x A, defines the computational grid on
(2 (see figure 7), and h = max {h,, h,} represents the discretization step.

We seek the values u; ; that approximate u(x;, y;). For simplicity, we assume that the nodes are
uniformly spaced, i.e. x; = o+ th, fori =0,--- N, +1 and y; = yo + jh, for j =0,--- N, + 1.

The second-order partial derivatives can be approximated by finite difference quotients, as we
did for ordinary derivatives.

In the case of a function of two variables, we define the following finite difference quotients:

2
Fulwi,y) _ Wicay — 2Uij + Ui

O0x? h2
u(w;, y;) _ Uij-1— 2w, j + U, j41 (5.3.9)
dy? h2
Consider the problem
—Au=f, inQ
(5.3.10)
u=g, ond}
with - N
U U
A = 3 5 p—
U 2 + R
= 82 ( ) 82 ( )
_ ulrs, Yj w(Ti, y;)\ o .
( 02 oy > =y, @ (5.3.11)

Wij = gij, Vi, jsuch that (z;,y;) € 0A,
By substituting (5.3.9) into our problem we obtain

B [Uz‘—l,j — 2t Uiy | Uigo1 — QUi+ Ui

= fi’-
02 02 } i

{1 N 1 5 (1 N 1 ) N 1 N 1 } f
— |5 Wi-1, T 35U -1 — 2Uij | 75 T 75 TS Wig+1 T Uik | = Jig-
h2 hi h?2 hZ h@% h2
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The resulting system can be written in a compact form, by numbering the nodes (unknowns)
from left to right and from bottom to top. We obtain a system of the form (5.3.8), with a matrix
A € RV*N that is block tridiagonal:

A = tridiag(D, T, D).
It has NN, block rows and N, block columns, and each block is an N, x N, matrix.
The matrix D € RY=*N= ig diagonal and its coefficients are —E
The matrix 7' € RY=*Nz is symmetric tridiagonal: ’

- 1 2 2 1
T = tridiag (_ﬁ’ 7z + 72 _ﬁ> .
T T Y

xT

The matrix A is symmetric positive definite.

5.4 Solved exercises

Exercise 5.1 In electronics, an RC circuit (a resistor R in series with a capacitor C) is
often used to filter signals or smooth voltages. The voltage V,(t) across the capacitor evolves
according to the following differential equation:

av, 1
dt  RC

(Vs = Vo)
where:

o V.: supply voltage (in volts),

e R: resistance (in ohms),

e C': capacitance (in farads),

e V.(t): voltage across the capacitor (in volts).

V=5V, R=10k2, C=100puF, V.(0)=0V
Simulation time: T =1 s
Time step: h =0.1 s
1. Write the recurrence equation of the Euler method to approximate V.(t):
1

Ve "RC

Cn+1 :‘/;n+h (‘[S_‘/én)

2. Compute the first five values of V.(t) (from t =0 to t = 0.5 s).

3. Ghve the analytical solution of the differential equation:
Velt) = Vs (1 - )

and compare the numerical values with the analytical ones.
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Solution
We are given the differential equation describing the voltage V.(t) across a capacitor in an RC
circuit: iV )
c= (Ve = Vo),
dt RC ( )

with the parameters:
V,=5V, R=10kQ=10"Q, C=100pF=10"F, V.(0)=0V

1. The explicit (forward) Euler method gives:

1
- he—(V,—V.).
Vorir = Ve + o 55 (Ve = Va)

Let us set

Then the recurrence relation becomes
‘/Cn+1 = a/‘/Cn + b

This is a first-order non-homogeneous linear (affine) recurrence.

2. We have:
RC=10"x10""=1s, h=0.s.
Thus: h WV
=1—-—=1-01=09, b=—2=01x5=0.5.
“ RC ’ RC %

The recurrence becomes:
Vi1 =09V, +0.5, V4, =0.

We can now compute the first few iterations:

Vi (V)

0.000
0.9(0) + 0.5 = 0.500
0.9(0.5) + 0.5 = 0.950
0.9(0.95) + 0.5 = 1.355

0.9(1.355) + 0.5 = 1.7195
0.9(1.7195) + 0.5 = 2.0476

T W N~ O3

Hence, the approximate voltages are:

V.(0.0) = 0.0, V.(0.1)=0.5, V.(0.2)=0.95 V.(0.3)=1.355, V.(0.4)=1.7195,V,(0.5) =2.04
3. The exact solution of the differential equation is:
Ve(t) =V, (1= e ).

Since RC' =1 and V; = 5, we have:
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Let us compare the analytical and numerical results:

t (S) V'CEuler (V) V'CExact — 5(1 _ eft) (V)
0.0 0.0000 0.0000
0.1 0.5000 0.4751
0.2 0.9500 0.9050
0.3 1.3550 1.2950
0.4 1.7195 1.6470
0.5 2.0476 1.9670

The Euler method slightly overestimates the voltage due to its known tendency to diverge
when applied to stable systems with large time steps. However, the results remain reasonably
accurate for small h.

Remark: The recurrence V,, 11 = aV,, + b is not purely linear (it is affine), because of the
constant term b. It can be rewritten as a linear homogeneous part V,,.1 — aV,, = 0 plus a
constant "forcing term" b, which explains the shape of its solution:

b

This expression converges to the steady-state voltage V* = -2~ = 5V, which corresponds

l1-a
to the physical steady-state of the RC circuit.

Exercise 5.2 In industrial automation and electronic systems, temperature control is an es-

sential process. The temperature T'(t) of a thermal chamber can be modeled by the following

differential equation:
dl"

= =

KT~ Ton) + 22 (T = T),
where:
o Tony is the ambient temperature (in °C),
o T, is the desired (setpoint) temperature (in °C),
e k is the cooling coefficient (in s1),
e KK, is the proportional control gain,
o C 1is the thermal capacity of the system.
We assume the following parameters:
Tewy =25 °C, T =80°C, k=0.05s" K,=20, C=100, T(0)=25"°C.
1. Ezxpress the right-hand side function f(T') explicitly.

2. Compute the temperature at t = 1, 2, and 3 seconds with a time step h =1 s.

3. Compare the obtained results with the analytical solution:

K
T(t) = Tset - (Tset - Tenv)eiaty where o =k + Fp
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Solution

1. We consider the temperature control model from the exercise:

ir

E = f(T) = —k(T — Tenv) + &(Tset - T)

C
With the given parameters,
Tow = 25°C, Ty =80°C, k=005s" K,=20, C =100,

we obtain the autonomous equation

20
J(T) = ~0.05(T = 25) + £.5(80 = T) = ~0.25T + 17.25.

. We use the RK2 scheme:
kl - hf(TTL)?

]{72 == hf(Tn + kl),
1
Thy =1, + §(k1 + ks),

with time step h = 1 s and initial condition T = 25°C.

Step n = 0:
ki =hf(Ty) =1-(—0.25-25+ 17.25) = 11.000000,
To+ ki = 25+ 11 = 36,
ky = h f(36) = —0.25 - 36 + 17.25 = 8.250000,
Ty =25+ (11 + 8.25) = 25+ 9.625 = 34.625.
Step n = 1:

ki = f(T1) = —0.25 - 34.625 + 17.25 = 8.59375,
T) + ki = 34.625 + 8.59375 = 43.21875,
ke = f(43.21875) = —0.25 - 43.21875 + 17.25 = 6.4453125,

15 = 34.625 + %(8.59375 + 6.4453125) = 34.625 + 7.51953125 = 42.14453125.

Step n = 2:

ki = f(Ty) = —0.25 - 42.14453125 + 17.25 = 6.7138671875,
Ty + ki = 42.14453125 + 6.7138671875 = 48.8583984375,

ko = f(48.8583984375) = —0.25 - 48.8583984375 + 17.25 = 5.035400390625,

Ty = 42.14453125 + %(6.7138671875 + 5.035400390625)
= 42.14453125 + 5.8746337890625 = 48.0191650390625.

123
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3. The analytical solution is

K
T(t) = Tset - (Tset - Tenv)eiaty a=k + Fp = 025,

hence
T(t) = 80 — 55e 2%,

Using the RK2 scheme (with h =1 s and the variant ko = hf(7T, + k1)) we obtained:
Ty = 34.625, T, =42.14453125, T35 = 48.0191650390625.

The exact solution values at ¢t = 1,2, 3 are

T(1) = 80 — 55¢7°** =~ 37.165957,
T(2) = 80 — 55¢ "% ~ 46.640814,
T(3) = 80 — 557" =~ 54.019840.

n t, (s) T, (RK2) T(t,) (exact) Absolute error |7, — T'(t,)| (rel.%)
1 1 34.625000 37.165957 2.540957 (6.84%)
2 2 42.14453125 46.640814 4.496283 (9.64%)
3 3 48.0191650391 54.019840 6.000675 (11.11%)

Table 5.3: Comparison of RK2 numerical results with the analytical solution.

e The RK2 results systematically underestimate the exact temperature for this choice of
variant and time step (h =1 s).

e The absolute and relative errors increase with time (from about 6.8% at ¢t = 1 to about
11.1% at t = 3). This is due to the relatively large time step h = 1 s compared with
the system time constant (1/a =4 s), and to the particular RK2 variant used (which
evaluates ko at the full step).

e Reducing the time step (for instance h = 0.5 or h = 0.1) will reduce the discretization
error and bring the numerical solution much closer to the analytical solution. Alterna-
tively, using a higher-order method (RK4) would also decrease the error for the same
h.

Exercise 5.3 Let the following equation:

y’:g+e”"’, x> 0.
x

with y(1) =1
Calculate f(1.2) with h = 0.1

1. Using Adams-Bashforth method.

2. Using Adams-Molton method.
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Solution
Let f(z,y) =2 +¢e”
1. Using Adams-Bashforth method.
Adams-Bashforth Formula gives:

h
Yo=Y+ 5(3f1 — fo)

Where fo = f(zo,y0) = f(1,1) = 1 + ¢! = 3.7182

Since y; is unknown we should calculate it using some numerical method. Let us use Fuler’s
formula with h = 0.1:

Y1 =Yo + hf(zo, yo)
=140.1f(1,1)
=1+ 0.1(3.7182)
=1.3718

Thus, fi = f(z1,y1) = f(1.1,1.3718) = 13718 1 o1l — 4 2512

1.1

h
Yo =y1 + 5(3f1 — fo)
1
—1.3718 + 07(3(4.2512) 3.7182)

=1.8235

2. Using Adams-Molton method.

Adams-Molton Formula gives:

h
Y1 = Yo + §(f0 + f1)

fo= flzo,u0) = f(1,1) = % +e! =3.7182

fi=fle,m) =f(11,y) = 1y_11 + el

h
Y1 =Yo + §(f0 + f1)

01 (51 1.1
—1 —(.12 L )
—i—2 3.718 +1.1—|—e

=1.3361 + 0.0454 3,
= (1 — 0.0454)y; =1.3361
y1 =1.3997

Now, for ¢ = 1:
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1.3997

M=42
11 +e 766

fi= fla, ) = f(1.1,1.3997) =

Y2 =y + g(fl + f2)

0.1
13997 + - (4.2766 y 2 e”)

1.2
=1.7795 + 0.04166 y;
= (1 — 0.04166)y, =1.7795
ys =1.8568

Exercise 5.4 In power electronics, components such as transistors or resistors often generate
heat that must be dissipated through a heat sink or substrate. The temperature distribution

along a thin conducting bar of length L (representing, for instance, a heat sink fin) is governed
by the steady-state one-dimensional heat equation:

d2T_ q

dx? k’
where:

o T'(z) is the temperature at position x (in °C'),
e g is the volumetric heat generation rate (W/m?),
e k is the thermal conductivity of the material (W/mA - K).
Boundary conditions:

7(0) = 100°C, T(L) = 50°C.
Given parameters:

L=10 ¢m, k=200 W/mA-K, ¢q=1.0x10°W/m’.

1. Discretize the domain [0, L] into N = 4 equal intervals of step size h = L/N.
2. Using the finite difference approzimation

PT Ty =20+ T
de? h2 :

write the discrete equations for i =1,2,3.

3. Express the resulting system of linear equations in matriz form:
AT = b,

and solve for the nodal temperatures Ty, T, Ts.
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Solution
1.
2o=0, 1 =0.025 m, zo = 0.05 m, z3 =0.075 m, x4, = 0.1 m.
The step size is I ood
h:N:TZO'O%m'
2. Using the central finite-difference approximation
&*T Ty 2T+ T
da? e h2 ’
the discrete equation at interior node ¢ becomes
Ti—2T;+Tin g

h? k

Rearranging (multiply by —1) yields the standard symmetric form
h?
2T, — Ty — Tia = .

Write these equations for ¢ = 1,2,3 (unknowns 74,75, T5). Incorporating boundary values
Ty = 100 and T); = 50 gives:

qh?

2T1 —T2 = T—f—Tg,
h2
11+ 21— T3 = qT,
h2
_T2 + 2T3 - QT + T4.
3. The matrix form for the linear system is AT = b with
2 -1 0 T,
A=|-1 2 —-1|, T=|T]|,
0o -1 2 T
and 12
q
— + T
R
b—|
2/<:
qh
— + 1T
R

Compute the scalar gh?/k:

gh? 1.0 x 10° x (0.025)> 1.0 x 105 x 0.000625 625
ko 200 B 200 200

= 3.125.

Thus
103.125

b=| 3.125
53.125
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4. The system

2 -1 0 Ty 103.125
-1 2 -1 T, | = | 3.125
0 -1 2 15 53.125

can be solved (by Gaussian elimination or any linear solver). Solving gives

T, = 92.1875 °C, T, = 81.25 °C, T3 =67.1875 °C.

Remarks

e Increasing N would produce more nodal points and the same agreement at those nodes
(the analytic expression evaluated at those nodes). For non-constant source terms ¢(z) the
finite-difference solution would be an approximation; error would decrease as h — 0.

e Physically, the solution shows a monotone decrease of temperature from 100°C at x = 0 to
50°C at x = L, with the interior temperatures determined by the balance between internal
heat generation and conduction.

Exercise 5.5 An object falls to the ground from a height of 30 meters. Its height as a function

in time t is represented by y(t). Assuming the mass of the object equals one, by Newton’s law,
2

its acceleration is determined by —g = g with g = 9.81.

we suppose that at time t = 4, the object hits the ground.
Calculate the trajectory y(t) using the shooting method.

Solution
We are given a boundary value problem (BVP):

d*y B
az 9
y(0) =30, y(4)=0

/

=u
Letu:y/:>u’:y”2> y/_
u =g

Our original problem becomes an initial value problem (IVT):

(120 wunfr0=

u =g u(0) = ug

Where ) is unkown.

We then take a first guess uj = 10
and a second guess uf = 15 and use RK4 method with h = 1:

Since —8.48 < y(4) = 0 < 11.52. we can use linear interpolation to obtain a good approxima-
tion of u

Let f a function such that f(10) = —8.48 and f(15) = 11.52

Thus, the problem is to find u such that f(uj) =0
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Table 5.4: RK4 shooting results for a falling object (h =1, g = 9.81)

£ T ult) (uo = 10) _y(@) (o = 10) | u(h) (uo = 15) _y(®) (o = 15)
0 10.00 30.000 15.00 30.000
1 0.19 35.095 5.19 40.095
2 -9.62 30.380 -4.62 40.380
3 -19.43 15.855 -14.43 30.855
4 -29.24 -8.480 -24.24 11.520

Linear interpolation gives:

fug) — fup)
uf — ug
11.52 — (—8.48)
15— 10
— —8.48 + 4(u — 10)
— 4y — 48.48

fu) = P(u) = f(ug) +

(u — up)

= —848 +

(u—10)

Pu) = 0= 4u —48.48 = 0 = u = 12.12
So ujy ~ 12.12
finally we use RK4 with the newly obtained uj ~ 12.12

ut)  y(t)
1212 30.000
2.31  27.215
750 14.620
-17.31 -7.785
-27.12 0.000

B~ W N = O

Our numerically computed solution indeed verifies y(0) = 30, y(4) = 0.
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