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Preface

This coursebook is primarily intended for third-year students in the Electronics and Industrial
Computer Engineering program, but it also serves as a valuable resource for all future engineers,
regardless of their specialization. In the digital age, mastery of scienti�c computing tools is
no longer con�ned to a few specialized �elds; it has become a transversal and indispensable
competency.

The objective of this work is to build a bridge between the fundamental mathematics taught in
the early years of engineering education and the concrete applications that constitute an engineer's
daily work. We started from the observation that many students perceive numerical methods as
an abstract discipline, when in fact they are at the heart of simulation, design, and optimization
of modern systems.

Although the concepts presented are universal, we have deliberately chosen to illustrate each
method with examples and case studies drawn from the �eld of electronics and industrial com-
puting. In addition to solved exercises that facilitate thorough understanding of the methods.
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Introduction

The rapid evolution of electronic technologies and industrial systems has profoundly transformed
the practice of engineering. We have transitioned from a primarily hardware-oriented approach,
dominated by analog designs and electromechanical systems, to a paradigm where digital systems
and software play a central role. Today, an electronic circuit is no longer merely an assembly
of components, but a complex system integrating processors, Digital Signal Processors (DSPs),
FPGAs, and sophisticated algorithms that determine its performance and functionality.

In this technological landscape, mastering numerical methods is no longer an academic luxury
but a professional necessity. Whether designing a wireless communication system, a Programmable
Logic Controller (PLC), an electronic medical device, or an embedded system for the automotive
industry, one inevitably encounters problems that classical analytical mathematics cannot solve
exactly. The di�erential equations governing circuit dynamics, the systems of nonlinear equations
describing semiconductor components, or the �ltering and real-time signal processing operations
all require approximate solutions that are su�ciently accurate and stable for use in critical appli-
cations.

Numerical analysis occupies a unique position in the engineer's training. It is both a mathemat-
ical discipline, with its theorems, proofs, and abstract concepts, and an engineering art, focused
on implementation, e�ciency, and pragmatism. Its fundamental objective is to provide algorithms
that transform continuous mathematical problems described by di�erential equations, integrals,
or systems of equations-into a �nite set of arithmetic and logical operations that a computer or
digital processor can execute.

However, this transformation is not neutral. It inevitably introduces errors, approximations,
and stability considerations. Therefore, a competent engineer does not merely implement an
algorithm found in a software library. They must understand the underlying principles to:

� Select the appropriate method based on the problem's constraints (accuracy, computa-
tion time, available memory).

� Diagnose problems when results are inaccurate or the algorithm diverges.

� Adapt and optimize existing methods for speci�c applications in electronics and industrial
computer engineering.

� Validate and certify results, especially in safety-critical systems (automotive, aerospace,
medical).

The speci�city of this course lies in the constant link established between abstract numerical
methods and their concrete applications in our �elds. Consider the following examples:

� Simulating a nonlinear RLC circuit, essential for validating a design before fabrication, relies
on the numerical resolution of di�erential equations (Chapter 5).
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� Digital �ltering of an audio signal in a hands-free system, noise reduction in radio com-
munication, or vibration analysis of a motor all make extensive use of the Discrete Fourier
Transform (Chapter 3).

� Real-time control of a robotic arm, a motor speed drive, or temperature regulation in an
industrial chamber requires the discretization and analysis of dynamic systems (Chapters 2
and 5).

� Accurately estimating the position of a mobile robot from noisy sensor data can utilize
interpolation and kriging techniques (Chapter 3).

� Calculating the average power consumption of an integrated circuit or the RMS value of a
power signal relies on numerical integration methods (Chapter 4).

In each of these cases, implementation on a hardware target (DSP, microcontroller, FPGA)
imposes severe constraints on computation time, memory usage, and precision. A deep under-
standing of error analysis (Chapter 1) is therefore not only useful but vital to ensure the proper
functioning of the system.

This numerical analysis coursebook for electronics and industrial computer engineering is struc-
tured into �ve fundamental chapters. Each chapter covers an essential area of scienti�c computing,
with speci�c orientation toward practical applications in our �elds of specialization.

In Chapter 1, we establish the foundations of all reliable numerical computation. This chapter
covers: Modeling Errors, Representation of Numbers on a computer, error sources: truncation
errors and rounding errors.

In Chapter 2, we study the modeling and analysis of sampled systems. This chapter ad-
dresses: De�nition of dynamical system, linear discrete dynamical systems, n dimensional discrete
dynamical systems and study of nonlinear systems through linearization.

In Chapter 3, We develop tools for signal analysis and processing. This chapter presents: Krig-
ing method for spatial estimation, Fourier transform and its applications, NURBS for geometric
modeling.

In Chapter 4, we translate di�erential and integral calculus operations into numerical algo-
rithms. This chapter explores: Trapezoidal methods for numerical integration, Romberg algorithm
for convergence acceleration, Finite di�erence schemes for di�erentiation, Error analysis for each
method.

In Chapter 5, we solve ordinary di�erential equations governing dynamic systems. This chapter
covers: Euler methods, Runge-Kutta family of methods, Multi-step methods (Adams-Bashforth,
Adams-Moulton), Shooting method for boundary value problems and �nite di�erence method.



Chapter 1

Error analysis

1.1 Introduction

The fundamental notion around which numerical analysis is built is the notion of error. The
term *error* here refers to the di�erence between the numerical result of a problem and the
theoretical or exact value that one is supposed to obtain. These errors can have several origins.
We distinguish:

� Modeling errors.

� Representation errors on the computer.

� Truncation errors.

The purpose of numerical analysis will be (among other things) to estimate these errors, to
understand and identify their origins, and to develop strategies to limit them.

This chapter therefore mainly addresses numerical errors and not the inevitable programming
errors which unfortunately are part of the daily life of a numerical analyst. First of all, a bit of
terminology is necessary in order to eventually quantify the errors.

De�nition 1 (Absolute error) Let x be a number and x∗ an approximation of this number. The
absolute error is de�ned as:

∆x = |x− x∗| (1.1.1)

De�nition 2 ( Relative error) Let x be a number and x∗ an approximation of this number.
The relative error is de�ned as:

Er(x) =
|x− x∗|

|x|
(1.1.2)

Moreover, by multiplying by 100%, we obtain the relative error in percentage.

Remark 1 In practice, it is di�cult to evaluate the absolute and relative errors, since the exact
value of x is generally unknown and only x∗ is available. In the case of measured quantities for
which only the approximate value is known, it is impossible to compute the absolute error. How-
ever, an upper bound for this error can be obtained, depending on the precision of the measuring
instruments used. This bound is still referred to as the absolute error, although in fact we have:

x∗ −∆x ≤ x ≤ x∗ +∆x (1.1.3)

8



CHAPTER 1. ERROR ANALYSIS 9

1.2 Modeling Errors

Modeling is the entire process that allows mathematics to intervene in a science based on experi-
ment or observation. Several stages of modeling can be distinguished:

� The scientist makes hypotheses about the studied phenomena.

� The hypotheses are mathematically translated into a model.

� The mathematical model is studied; qualitative or quantitative consequences are drawn and
predictions are made.

� The predictions are compared with experimental realities.

� The hypotheses are eventually revised in order to modify the model, and the cycle continues...

The modeling e�ort generally produces systems of complex equations involving a large number
of unknown variables. To succeed in solving them, it is necessary to simplify certain components
and neglect the less important ones. This leads to a �rst modeling error.

Figure 1.1: Pendulum problem

Example 1 Let us take as an example the pendulum problem, which has been known for a long
time. A mass m is suspended from a string of length l (see Figure 1.1). At time t = 0, we assume
that the angle θ(0) between the string and the vertical is θ0, and that its angular velocity θ′(0) is
θ′0.

The forces involved are gravity acting on the mass and the string on the one hand, and air
friction acting on the whole system on the other hand.

We have
mlθ′′(t) = −mg sin(θ(t))− Ff

where:
- mlθ′′(t) is the force due to tangential acceleration, - g is the gravitational acceleration, -

mg sin(θ(t)) is the tangential component of gravitational acceleration, - Ff is the friction force.
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The friction is proportional to the velocity lθ′(t) with a proportionality coe�cient cf . This law
is only approximate, and the coe�cient cf is obtained with limited precision. All this leads to
modeling errors.

Thus, we obtain a second-order di�erential equation:

θ′′(t) = −cfθ
′(t)

m
− g sin(θ(t))

l
(1.2.1)

θ(0) = θ0 (1.2.2)

θ′(0) = θ′0 (1.2.3)

A brief analysis shows that it is reasonable to neglect air friction (i.e. cf = 0) since the motion
velocities are small. This is nevertheless a modeling error. We can further simplify the problem
by assuming, for example, that the angles are small and that

sin θ(t) ≈ θ(t).

This yields the following simpli�ed problem:

ml θ′′(t) = −mg θ(t),

or equivalently
θ′′(t) +

g

l
θ(t) = 0,

with initial conditions
θ(0) = θ0, θ′(0) = θ′0.

The general solution of this linearized equation is

θ(t) = θ0 cos(ωt) +
θ′0
ω

sin(ωt),

where ω =

√
g

l
is the natural angular frequency of the small-angle pendulum.

Remark 2 Neglecting air friction and using the small-angle approximation are both sources of
modeling error; the linearized model is valid only when those approximations hold.

θ′′(t) = −gθ(t)

l
(1.2.4)

θ(0) = θ0 (1.2.5)

θ′(0) = θ′0 (1.2.6)
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1.3 Representation of Numbers on a Computer

A computer cannot handle numbers in the same way as a human being. It must �rst represent
them in a system that allows e�cient execution of various operations. This may lead to repre-
sentation errors on a computer, which are unavoidable and whose origin should be understood in
order to better control their e�ects.

The internal structure of most computers relies on the binary system. The unit of information
can be stored using a single bit. Bits are then grouped into words of variable length (the most
common lengths are 8, 16, 32, or 64 bits). Integers and real numbers are represented in this way,
although their precise mode of representation depends on the manufacturer.

1.3.1 Representation of Integer Numbers

We consider three of the most common forms of integer representation on a computer. Several
other variants exist, and it is important to know which one is used by the computer in order to
interpret values correctly.

To transform a positive integer N into its usual binary representation, one must determine the
coe�cients ai such that:

N = an−12
n−1 + an−22

n−2 + an−32
n−3 + · · ·+ a22

2 + a12
1 + a02

0,

where each ai ∈ {0, 1}.

Figure 1.2: Representation of an Integer on 16 Bits

Remark 3 The subscript n indicates the base used (Nn).

The values of the ai are obtained by following the procedure below: by dividing N by 2, we
obtain a0 (the remainder of the division) plus an integer. We then repeat the same reasoning with
the integer part of N/2 (neglecting the fractional part or remainder) to obtain a1. This process is
continued until the integer part becomes zero.

Example 2 If N = (27)10, we have:

27/2 = 13 remainder 1 i.e. a0 = 1
13/2 = 6 remainder 1 i.e. a1 = 1
6/2 = 3 remainder 0 i.e. a2 = 0
3/2 = 1 remainder 1 i.e. a3 = 1
1/2 = 0 remainder 1 i.e. a4 = 1

Thus, the decimal integer 27 can be written as 11011 in base 2.

Remark 4 In general, in binary for n bits, 0 ≤ N ≤ 2n − 1 we have 2n di�erent values.
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Representation of Signed Integers

One bit is reserved for the sign (the leftmost bit), while the other bits encode the absolute
value of the number.
The 0 represents �+� and the 1 represents �−�.
Example 3 Let us represent the numbers +5 and −5 in signed values on 6 bits using the following
two tables:

0 0 0 1 0 1
+ 24 23 22 21 20

Table 1.1: Representation of the number +5

1 0 0 1 0 1
− 24 23 22 21 20

Table 1.2: Representation of the number −5

Remark 5 In general, in binary we have: for n bits, −(2n−1) ≤ N ≤ 2n − 1, we have 2n − 1
di�erent values.

Two's Complement Representation

The two's complement representation is very frequently used. If we have n bits to represent
an integer N , we de�ne:

N = −an−12
n−1 + an−22

n−2 + an−32
n−3 + · · ·+ a22

2 + a12
1 + a02

0.

It should be noted that there is a negative sign in front of the term an−1. It is easy to see that
all positive integers satisfy:

an−1 = 0.

Thus, positive integers are represented by a 0 followed by their usual binary representation in
(n − 1) bits. To obtain the representation of a negative number, it su�ces to add 2n to it and
then convert the result into binary form.
Example 4 The 4-bit representation 0101 is:

−0× 23 + 1× 22 + 0× 21 + 1× 20,

which equals 5 in decimal form.
On the other hand, 1101 is:

−1× 23 + 1× 22 + 0× 21 + 1× 20,

that is, −8 + 5 = −3.

Conversely, the binary representation of −6 will be a leading 1 followed by the 3-bit represen-
tation of:

−6 + 23 = 2,

which is 010.
Thus, (−6)10 = (1010)2 in the two's complement representation.
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Remark 6 For n bits, −2n−1 ≤ N ≤ 2n−1 − 1 we have 2n di�erent values.

Binary Coded Decimal (BCD) Convention

Each digit of the number N10 is encoded by its binary equivalent in 4 bits.
The sign can be encoded according to di�erent conventions:
�+�: 10112
�−�: 11012
Example 5 Let us take the number 35:

+3510 : 1011︸︷︷︸
+

0011︸︷︷︸
3

0101︸︷︷︸
5

−3510 : 1101︸︷︷︸
−

0011︸︷︷︸
3

0101︸︷︷︸
5

1.3.2 Representation of Real Numbers

The task of representation is more complex in the case of real numbers.
Indeed, in the decimal system, we are used to representing a number x in the form:

x = m× 10l

where m is the mantissa, l is the exponent, and 10 is the base. In general, for any base b, we can
write:

x = m× bl

The general form of the mantissa is given by:

m = 0, d1d2d3 · · · dn

which means that:

m = d1 × b−1 + d2 × b−2 + d3 × b−3 + · · ·+ dn × b−n

where n is the number of digits of the mantissa. The di satisfy the following conditions:

1 ≤ d1 ≤ (b− 1) (1.3.1)

0 ≤ di ≤ (b− 1) for i = 2, 3, · · · , n (1.3.2)

The inequality (1.3.1) means that the mantissa is normalized, that is, its �rst digit is always dif-
ferent from 0. Normalization ensures the uniqueness of the representation and avoids ambiguities
such as:

0.1020× 102 and 0.01020× 103

The latter expression is never considered valid.
In this example, the base used is b = 10 and the mantissa has n = 4 digits. Thus, the mantissa

always satis�es:
1

b
≤ m < 1

since the smallest possible mantissa is 0.1000, which equals
1

b
.
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These considerations serve as guidelines for the representation of a real number on a computer.
In the case of interest here, the base will generally be 2 (b = 2). Therefore, it is necessary to �nd
a way to represent the mantissa (a fraction), the exponent (a signed integer), and the sign of this
number.
Remark 7 Pocket calculators di�er from computers mainly in that they use base 10 (b = 10) and
a mantissa length of about 10 digits (n = 10). The exponent l usually varies between −100 and
100.

Let us consider, as an example, an 8-bit word (see Figure 1.3). It is understood that, in practice,
words are much larger.

The �rst bit gives the sign of the number. This leaves 7 bits to represent the mantissa and the
exponent. We allocate 3 bits for the exponent and the following 4 bits for the mantissa. It should
be noted that the mantissa is normalized, and therefore its �rst bit is always 1.

It is then necessary to determine which representation is used for the exponent. For example,
if the exponent is expressed using the sign-and-magnitude representation, then the binary word
0101 1011 can be decomposed as follows:

Figure 1.3: Sign and magnitude representation of a real number on 8 bits

This number is therefore positive. The exponent is negative and equals:

−(0× 21 + 1× 20) = −1

and the mantissa is
1× 2−1 + 0× 2−2 + 1× 2−3 + 1× 2−4 = 0.6875

Thus, 0101 1011 represents the decimal number:

0.6875× 2−1 = 0.34375

Conversion of a decimal fraction into a binary value

Let f be a decimal fraction between 0 and 1. We need to �nd the di such that:

(f)10 = (0.d1d2d3 · · · )2

or equivalently
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f = d1 × 2−1 + d2 × 2−2 + d3 × 2−3 + · · ·

If we multiply f by 2, we obtain d1 plus a fraction. Applying the same reasoning to (2f − d1),
we obtain d2. We continue this process until the fractional part becomes zero or until we reach
the maximum number of digits of the mantissa.
Example 6

1

3
× 2 = 0 +

2

3
c-à-d d1 = 0

2

3
× 2 = 1 +

1

3
c-à-d d2 = 1

1

3
× 2 = 0 +

2

3
c-à-d d3 = 0

2

3
× 2 = 1 +

1

3
c-à-d d4 = 1

...
...

...

Floating-Point Arithmetic

In this section, we follow the propagation of errors through elementary operations. To sim-
plify the course, we use the decimal system, but the described e�ects are also valid for other bases.

Any real number x can be written in the form:

x = 0.d1d2d3 · · · dndn+1 × 10l

De�nition 3 Let x be a real number. We denote by fl(x) its representation in �oating-point
notation with n digits, de�ned as:

fl(x) = 0.d1d2d3 · · · dn × 10l

Remark 8 The �oating-point representation of a number depends not only on the number n of
digits in the mantissa, but also on the procedure used to eliminate the remaining digits.

� Truncation: simply remove the digits starting from position n+ 1.

� Rounding: add 5 to the (n+ 1)th digit of the mantissa before truncation.

� The IEEE standard recommends the use of rounding in the binary representation of real
numbers.

Example 7 If we choose n = 4, we have

fl

(
1

3

)
= 0.3333× 100
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fl(π) = 0.3142× 101

fl(12.4551) = 0.1245, (if truncation is used)

= 0.1246, (if rounding is used)

IEEE Standard

The Institute for Electrical and Electronic Engineers (IEEE) aims to make computer repre-
sentations as uniform as possible. It proposes a representation of real numbers in single precision
on 32 bits and in double precision on 64 bits (IEEE-754 convention).

Single precision: The �rst bit represents the sign of the number, the following 8 bits deter-
mine the exponent with a bias of 127, and the last 23 bits are for the normalized mantissa.

Double precision: The �rst bit represents the sign of the number, the following 11 bits
determine the exponent with a bias of 1023, and the last 52 bits are for the normalized mantissa.

Since the mantissa is normalized, the �rst bit is always 1, and it is not necessary to store it in
memory.

Thus, following the notation of Cheney and Kincaid, the 32 bits of the IEEE single-precision
representation:

(d1d2d3 · · · d31d32)2
represent the decimal number:

(−1)d1 × 2(d2d3···d9)2 × 2−127 × (1, d10d11 · · · d32)2

We can immediately identify the di�erent components: the sign bit, the exponent with a bias
of 127, and the normalized mantissa obtained by adding the missing 1.
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Example 8 Let us represent the decimal number (30.0625)10 in IEEE single precision (32 bits).

First, the integer part (30)10 becomes (11 110)2 in binary form.

The fractional part (0.0625)10 becomes (0.0001)2 in binary.

Thus, we have:

(30.0625)10 = (11 110.0001)2 = (1.111 000 01)2 × 24

The mantissa is normalized, and the leading 1 to the left of the binary point is not stored in
memory. The exponent 4 is biased by 127 to become 131.

The representation of 131 in 8 bits is (1000 0011)2.

Since the number (30.0625) is positive, its IEEE single-precision representation will be:

0 1000 0011 1110 0001 0000 0000 0000 000

Now, let us proceed in the reverse direction. Let us represent the following 32 bits in IEEE single
precision as a decimal number:

0 1000 0011 1110 0001 0000 0000 0000 000

They can be decomposed as follows:

(−1)0 × 2(1000 0011)2 × 2−127 × (1.111 000 01)2

= 2131 × 2−127 × (20 + 2−1 + 2−2 + 2−3 + 2−8)

= 16× 1.87890625 = 30.0625

Thus, we obtain the decimal representation (30.0625) in single precision.

Elementary Operations

The elementary operations are addition, subtraction, multiplication, and division. Let x and
y be two real numbers. These operations are performed in �oating-point arithmetic as follows:

x+ y → fl(fl(x) + fl(y))

x− y → fl(fl(x)− fl(y))

x÷ y → fl(fl(x)÷ fl(y))

x× y → fl(fl(x)× fl(y))

Remark 9 One must be more careful with addition and subtraction. First, zeros are added to
the mantissa of the number with the smaller exponent so that both exponents become equal. Then,
the usual operation is carried out, and the result is expressed in �oating-point notation.
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Example 9 We choose n = 4,

a) (0.4035× 106)× (0.1978× 10−1) = fl (0.4035× 106 × 0.1978× 10−1)

= fl
(
0.0789123× 105

)
= fl

(
0.789123× 104

)
= 0.7891× 104

b) (0.56789× 104) + (0.1234321× 106) = fl (0.0056789× 106 + 0.1234321× 106)

= fl
(
0.129111× 106

)
= 0.1291× 106

1.4 Truncation Errors

Truncation errors are the main category of errors. The order of a method depends on the number
of terms used in the appropriate Taylor expansions. It is therefore essential to review Taylor
expansion in detail, since it constitutes the fundamental tool of numerical analysis.

1.4.1 Taylor Expansion in One Variable

De�nition 4 The Taylor polynomial of degree n of the function f(x) around x0 is de�ned by:

Pn(x) = f(x0) +
f ′(x0)

1!
(x− x0) +

f ′′(x0)

2!
(x− x0)

2 + . . .+
fn(x0)

n!
(x− x0)

n (1.4.1)

where f (n)(x0) denotes the nth derivative of f(x) at x0.
This polynomial provides an approximation of the function f(x) in the neighborhood of x0. How-
ever, there is no equality in the strict sense, since using Equation (1.4.1) to estimate f(x) will
result in an error.

Theorem 1 Let f(x) be a function having (n + 1) continuous derivatives on the interval [a, b],
and let x and x0 be two points in this interval. Then,

f(x) = Pn(x) +Rn+1(x) (1.4.2)

where Pn(x) is the Taylor polynomial (1.4.1), and Rn+1(x) is the committed error, given by:

Rn+1(x) =
fn+1(ξ(x))

(n+ 1)!
(x− x0)

n+1, x0 < ξ(x) < x (1.4.3)

Remark 10 � Equation (1.4.2) is an equality and becomes an approximation only when the
error term is neglected.

� The error term of equation (1.4.3) becomes larger as x moves away from x0 due to the factor
(x− x0)

n+1.
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� Conversely, for a value of x close to x0, the error term of equation (1.4.3) becomes smaller
as n increases.

� It is known that the point ξ(x) exists and varies with x, but its exact value is not known.
Therefore, it is not possible to evaluate the error term exactly. At best, one can �nd an upper
bound in most cases.

� A truncation error is made whenever the Taylor expansion is used and the error term of
equation (1.4.3) is neglected.

Example 10 (Approximating sin(π/6)) Using taylor expansion for x0 = 0 and f(x) = sin(x)

sin(x) = x− x3

3!
+

x5

5!
− x7

7!
+

x9

9!
− · · · (1.4.4)

The exact value is given by sin(π/6) = 0.5

n Polynomial Pn(π/6) Approximation Truncation Error

| sin(π/6)− Pn(π/6)|

1 π/6 0.5236 0.0236

3 π/6− (π/6)3

3!
0.499674179 3.25× 10−4

5 P3(π/6) +
(π/6)5

5!
0.500002132 2.13× 10−6

7 P5(π/6)−
(π/6)7

7!
0.499999991 8.13× 10−9

1.5 Solved exercises

Exercise 1.1 1. Express the following signed integers

+125,−125,−100

in an 8-bit binary form using

� a) The sign representation.

� b) The two's complement.

2. Convert the binary numbers

00 000 011, 10 000 001 and 11 111 111

into decimal form according to

� a) The standard binary representation.

� b) The sign representation.

� c) The two's complement.
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Solution
1. Express the following signed integers in an 8-bit binary form using:

a) Sign representation:
(+125)10 = (01 111 101)2

(−125)10 = (11 111 101)2

(−100)10 = (11 100 100)2

b) Two's complement:
(+125)10 = (01 111 101)2

(−125)10 = (10 000 011)2

(−100)10 = (10 011 100)2

2. Convert the following binary numbers into decimal form according to:
a) Standard binary representation:

(0000 0011)2 = (3)10

(10 000 001)2 = (129)10

(11 111 111)2 = (255)10

b) Sign representation:
(0000 0011)2 = (+3)10

(10 000 001)2 = (−1)10

(11 111 111)2 = (−127)10

c) Two's complement:
(0000 0011)2 = (+3)10

(10 000 001)2 = (−127)10

(11 111 111)2 = (−1)10

Exercise 1.2 Convert the following decimal fractions into binary form

a) 0.5, b) 0.2, c)
3

8

Solution
Let us convert the following decimal fractions into binary form:

a)
0.5× 2 = 1 → d1 = 1

Thus
(0.5)10 = (0.1)2



CHAPTER 1. ERROR ANALYSIS 21

b)
0.2× 2 = 0.4 = 0 + 0.4 → d1 = 0

0.4× 2 = 0.8 = 0 + 0.8 → d2 = 0

0.8× 2 = 1.6 = 1 + 0.6 → d3 = 1

0.6× 2 = 1.2 = 1 + 0.2 → d4 = 1

0.2× 2 = 0.4 = 0 + 0.4 → d5 = 0

0.4× 2 = 0.8 = 0 + 0.8 → d6 = 0

0.8× 2 = 1.6 = 1 + 0.6 → d7 = 1

...

Thus
(0.2)10 = (0.001 100 110 011 . . .)2

c) We have
3

8
= 0.375

0.375× 2 = 0.75 = 0 + 0.75 → d1 = 0

0.75× 2 = 1.5 = 1 + 0.5 → d2 = 1

0.5× 2 = 1 → d3 = 1

Thus (
3

8

)
10

= (0.011)2

Exercise 1.3 Convert the following numbers into IEEE single precision

a) − 52.234375, b) 16.2

Solution
a) First, the integer part (52)10 becomes (110 100)2 in binary form.
Now, the fractional part:

0.234375× 2 = 0.46875 = 0 + 0.46875 → d1 = 0

0.46875× 2 = 0.9375 = 0 + 0.9375 → d2 = 0

0.9375× 2 = 1.875 = 1 + 0.875 → d3 = 1

0.875× 2 = 1.75 = 1 + 0.75 → d4 = 1

0.75× 2 = 1.5 = 1 + 0.5 → d5 = 1

0.5× 2 = 1 → d6 = 1

Hence (0.234375)10 = (0.001 111)2.
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Therefore,

(52.234375)10 = (110 100.001 111)2 =
(
1.101 000 011 11

)
2
× 25.

The mantissa is normalized and the leading 1 left of the binary point is not stored in memory.
The exponent 5 is biased by 127 to become 132 = (1000 0100)2.
Since the number (−52.234375) is negative, its IEEE single-precision representation is:

1100 0010 0101 0000 1111 0000 0000 0000

b) First, the integer part (16)10 becomes (10000)2 in binary form.
Now, the fractional part (we observe the pattern repeats):

0.2× 2 = 0.4 = 0 + 0.4 → d1 = 0

0.4× 2 = 0.8 = 0 + 0.8 → d2 = 0

0.8× 2 = 1.6 = 1 + 0.6 → d3 = 1

0.6× 2 = 1.2 = 1 + 0.2 → d4 = 1

...

Thus the computation is periodic and

(0.2)10 = (0.0011 0011 0011 · · · )2.

Hence

(16.2)10 = (10 000.0011 0011 0011)2 =
(
1.000 000 000 1100 11001

)
2
× 24.

The mantissa is normalized and the leading 1 left of the binary point is not stored in memory.
The exponent 4 is biased by 127 to become 131 = (1000 0011)2.
Since the number (16.2) is positive, its IEEE single-precision representation is:

0100 0001 1000 0001 1001 1001 1001 1001

Exercise 1.4 Give the �oating-point representation in base 10 of the following numbers (round
keeping 4 digits in the mantissa).

a)
1

6
, b) 12.487× 105, c) 2000.1

Solution
Let us give the representation in �oating-point notation in base 10 of the following numbers

(rounded to keep 4 digits in the mantissa):

a)
1

6
= 0.166666666 −→ 0.1667× 100
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b)
12.487× 105 = 0.1249× 107

c)
2000.1 = 0.2000× 104

Exercise 1.5 Compute a sum of positive terms using two methods:

Sn = 1 +
n∑

i=1

1

i2 + i

What can we observe?

Solution
Let us compute the following sum of positive terms

Sn = 1 +
n∑

i=1

1

i2 + i
.

We can evaluate this series analytically using partial fractions. Indeed:

Sn = 1 +
n∑

i=1

1

i2 + i
= 1 +

n∑
i=1

(
1

i
− 1

i+ 1

)

= 1 +

(
1− 1

2

)
+

(
1

2
− 1

3

)
+ · · ·+

(
1

n
− 1

n+ 1

)
= 2− 1

n+ 1
.

First method:
One can compute this sum directly:

S1,n = 1 +
1

2
+

1

6
+ · · ·+ 1

n2 + n
.

Second method:
In this approach we sum in the reverse order:

S2,n =
1

n2 + n
+ · · ·+ 1

6
+

1

2
+ 1.

The results computed for di�erent values of n are summarized in the following table:

n S1,n S2,n Exact value of Sn

99 1.989 999 890 1.990 000 010 1.99
999 1.999 001026 1.999 000072 1.999
9999 1.999 791980 1.999 899 983 1.9999
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We notice that S2,n is more accurate than S1,n. This is due to the fact that when summing as
in S1,n we accumulate intermediate partial sums; consequently S1,n becomes progressively larger

relative to the terms
1

i2 + i
and we end up adding a very large number and a very small number

(an operation to be avoided in �oating-point arithmetic).
Conversely, when summing as in S2,n, the intermediate sums grow while the terms being added

also grow during the summation, so the previous harmful phenomenon does not occur.

Exercise 1.6 1. Give the 4th and 6th order taylor expansion of cos(x) around π

2. Calculate the approximate value of cos(5π/6).

3. �nd the relative truncation error in each case.

Solution
Let f(x) = cos(x). The derivatives at x = π are:

f(π) = −1, f ′(π) = 0, f ′′(π) = 1,

f (3)(π) = 0, f (4)(π) = −1, f (6)(π) = 1.

Thus, the Taylor expansion around π is:

cos(x) = −1 +
1

2
(x− π)2 − 1

24
(x− π)4 +

1

720
(x− π)6 − · · ·

(1) Taylor polynomials.

T4(x) = −1 +
1

2
(x− π)2 − 1

24
(x− π)4,

T6(x) = T4(x) +
1

720
(x− π)6.

(2) Approximation at x = 5π
6
. Let h = x− π = −π

6
.

T4

(
5π
6

)
= −1 + 1

2
h2 − 1

24
h4 ≈ −0.866053883,

T6

(
5π
6

)
= T4 +

1
720

h6 ≈ −0.866025264.

Exact value:
cos
(
5π
6

)
= − cos

(
π
6

)
= −

√
3
2

≈ −0.866025404.

(3) Errors.
E4 = | cos(5π/6)− T4| ≈ 2.85× 10−5,

E6 = | cos(5π/6)− T6| ≈ 1.40× 10−7,

RelErr4 =
E4

| cos(5π/6)|
≈ 3.29× 10−5,

RelErr6 =
E6

| cos(5π/6)|
≈ 1.61× 10−7.
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Order Taylor Polynomial Approximation Exact Value Relative Error

4 −1 + 1
2
(x− π)2 − 1

24
(x− π)4 −0.866053883 −0.866025404 3.29× 10−5

6 T4 +
1

720
(x− π)6 −0.866025264 −0.866025404 1.61× 10−7

Conclusion. The 6th-order Taylor expansion provides an excellent approximation of cos(5π/6),
reducing the relative error from about 3 × 10−5 (4th order) to about 1.6 × 10−7 (6th order).
Increasing the order of the polynomial signi�cantly improves the accuracy near the expansion
point.



Chapter 2

Iterative methods and discrete dynamical

systems

2.1 Introduction

Dynamical systems were developed and specialized during the 19th century. They initially
concerned the iteration of continuous mappings and the stability of di�erential equations. But
progressively, as mathematics diversi�ed, dynamical systems broadened considerably.

From the 1920s up to the present, dynamical systems (especially discrete-time dynamical sys-
tems or those given by recurrence relations) have played a very important role, since they have
applications in many scienti�c disciplines. For example: physics (celestial mechanics, weather), bi-
ology (population dynamics), chemistry (chemical kinetics), electronics (electronic circuits), com-
puter science (image processing), cryptography (message and image encryption), economics, etc.

Dynamical systems are mathematical notions that allow us to model phenomena evolving in
time. Such phenomena may arise from physics, mechanics, economics, biology, ecology, chemistry,
and more.

We distinguish two types of dynamical systems: continuous-time systems and discrete-time
systems. The discrete dynamical system has great practical importance and can also be used as
an approximate model for the study of continuous systems.

In this chapter, we will see how simple iterative methods, such as �xed-point methods, can
lead to systems with complex behavior.

2.2 Dynamical System

A dynamical system is a mechanical, physical, economic, environmental, or any other type of
system whose state (a set of quantities su�cient to describe the system) evolves over time. The
study of the evolution of such a system therefore requires the knowledge of:

� its initial state, that is, its state at the instant t0,

� its law of evolution.

De�nition 5 A dynamical system described by a mathematical function involves two types of
variables: dynamic and static. The dynamic variables are the fundamental quantities that change
over time, while the static variables, also called system parameters, remain �xed.

De�nition 6 A dynamical system is de�ned by a triplet (X,T, f) consisting of the state space X,
the time domain T , and a state transition function f : X × T → X, which satis�es the property

26
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that for all x ∈ X and t, s ∈ T : {
f(x, 0) = x
f(f(x, t), s) = f(x, t+ s)

Two main categories of dynamical systems are distinguished: continuous-time systems and
discrete-time systems. If T = R+ or R, the system is said to be continuous-time, and if T = N or
Z, the system is said to be discrete-time.

2.2.1 Continuous Dynamical System

A continuous dynamical system is described by a set of �rst-order or higher-order ordinary
di�erential equations (ODEs), where the state variables evolve as a function of continuous time.
In general, a continuous dynamical system can be de�ned as follows:

dx

dt
= f(x, t)

where x ∈ Rn (x(t) is a vector of state variables, with t being continuous time), and f(x, t) ∈ Rn

is a function that determines how the state variables change depending on their current values x
and on time t.
Example 11
A simpler example of a continuous dynamical system is the evolution of the temperature of an
object being heated or cooled over time. Suppose we have an object whose temperature T (t) evolves
as a function of time t. This temperature evolution can be described by a simple di�erential
equation, for instance:

dT

dt
= −k(T − Tenvironment)

where
dT

dt
represents the rate of change of the temperature with respect to time t, i.e., the heating or

cooling rate,
k is a constant depending on the properties of the object and the environment,
T is the temperature of the object at a given time,
Tenvironment is the environmental temperature (for example, the ambient temperature).

This di�erential equation describes how the object's temperature changes depending on the
di�erence between its current temperature and the environmental temperature. When the object's
temperature di�ers from the environmental temperature, the object will heat up or cool down at a
rate proportional to that di�erence.

2.2.2 Discrete Dynamical System

A discrete dynamical system is a mathematical model that studies how a system evolves over
time at distinct time steps, using recurrence equations or transition rules to describe these changes.

In the discrete case, a dynamical system is represented by a mapping (iterative function) of
the form

xk+1 = f(xk)
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where f ∈ Rn describes the dynamics of the system in discrete time.
Example 12
Logistic growth models are a �rst re�nement of Malthusian models, in which the population growth
rate saturates with the number of individuals. Thus, the population cannot reach an in�nite size:
it is limited by a maximum size called the carrying capacity (biotic capacity of the environment).
The value of the carrying capacity depends on the environment in which the population evolves
and is generally related to the depletion of resources.

In discrete time, the population size can be modeled by the logistic map, which is de�ned as:

Xt+1 = rXt

(
1− Xt

K

)
where
Xt is the number of individuals in a given population at time t.
r = (n−m) is the natural growth rate, where n is the birth rate and m is the death rate.
K is the carrying capacity of the environment.

2.2.3 Autonomous and Non-Autonomous Dynamical Systems

� A discrete autonomous dynamical system is a system in which the evolution depends only on
the current values of the state variables, with no explicit introduction of a time parameter.
Discrete autonomous dynamical systems are often modeled by recurrence relations of the
form:

xn+1 = f(xn)

where xn represents the state of the system at time n, xn+1 represents the state at time n+1,
and f(xn) is a function that depends only on the current value. These systems are commonly
used to model phenomena in areas such as discrete dynamical systems in computer science,
discrete epidemiological models, etc.

Example 12 represents a discrete autonomous dynamical system.

� A discrete non-autonomous dynamical system is a system in which the evolution of the state
variables depends both on their current values and on a discrete time parameter. Unlike
autonomous discrete systems, time is an explicit variable that in�uences the evolution of the
system. The recurrence relations describing a non-autonomous discrete dynamical system
are of the form:

xn+1 = f(xn, t)

where xn represents the state of the system at time n, xn+1 represents the state at time
n + 1, and f(xn, t) is a function that depends on both the current value and the discrete
time. These systems are commonly used to model phenomena that vary over time in a
non-autonomous manner, such as systems subject to periodic or seasonal variations.

Example 13 A common example of a non-autonomous dynamical system is a weather model
that takes into account diurnal temperature variations. In this case, time (in hours) signi�cantly
in�uences the behavior of the system. A simpli�ed model of such a system is given by:

Tn+1 = Tn +∆tf(Tn, tn)
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where
Tn is the temperature at time t,
∆t is the time interval between measurements (for example, 1 hour),
f(Tn, tn) is a function that depends on the current temperature Tn and the time of day tn.
In this model, the temperature at a given moment depends not only on its current value but also

on the time of day. For example, during the day, the temperature may increase due to exposure
to sunlight, while at night, the temperature may decrease. This periodic variation is an example
of a non-autonomous dynamical system, since time (the time of day) is an explicit variable that
in�uences the evolution of temperature.

2.2.4 Fixed Point

The notion of equilibrium points is important in the study of the dynamics of any physical system.
It is desirable that all states (solutions) of a given system tend toward its equilibrium state
(equilibrium point).
De�nition 7 The �xed point of a dynamical system xk+1 = f(xk) is x̄ ∈ R such that

f(x̄) = x̄

where f : R → R is a di�erentiable function.
These points are also called stationary points or equilibrium points.

2.2.5 Stability of the Fixed Point

De�nition 8 (One dimensional case){
Xt+1 = f(Xt) , t ∈ N
X0 is given

(2.2.1)

Suppose that f : R → R and X̂ a steady state of (2.2.1)

X̂ is said to be locally asymptotically stable if:

1. Stability: ∀ϵ > 0,∃δ > 0 such that
|X0 − X̂| < δ ⇒ |Xt − X̂| < ϵ ∀t ≥ 0

2. Attractivity: ∃δa > 0 such that
|X0 − X̂| < δa ⇒ lim

t→∞
Xt = X̂

X̂ is said to be unstable if it is not stable.

De�nition 9 (Multidimensional case){
Xt+1 = f(Xt) , t ∈ N
X0 is given

(2.2.2)

Suppose that f : Rn → Rn and X̂ a steady state of (2.2.2)

X̂ is said to be locally asymptotically stable if:
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Figure 2.1: We took the following parameters a = 0.5, X0 = 2
0 is said to be locally asymptotically stable.

1. Stability: ∀ϵ > 0,∃δ > 0 such that
∥X0 − X̂∥ < δ ⇒ ∥Xt − X̂∥ < ϵ ∀t ≥ 0

2. Attractivity: ∃δa > 0 such that
∥X0 − X̂∥ < δa ⇒ lim

t→∞
Xt = X̂

X̂ is said to be unstable if it is not stable.

2.3 Linear Discrete Dynamical Systems

De�nition 10 Recall that f is said to be linear and we denote f ∈ L(Rn) if:

1. ∀X, Y ∈ Rn, f(X + Y ) = f(X) + f(Y )

2. ∀X ∈ Rn, ∀α ∈ R, f(αX) = αf(X)

De�nition 11 A discrete dynamical system is said to be linear if f ∈ L(Rn). It is non linear
otherwise.

Example 14 If the one dimensional case (n = 1), any linear map f takes the form f(Xt) = aXt

with a ∈ R∗

Xt = 0 for all t ∈ N is a solution.
Furthermore, f(0) = 0, thus x̂ = 0 is a steady state.
f(Xt) = aXt ⇒ Xt = atX0 and

lim
t→∞

Xt =

{
0 If |a| < 1
∞ If a > 1

The four cases a < −1,−1 < a < 0, 0 < a < 1 and a > 1 are depicted in �gures 2.1-2.4

De�nition 12 A linear discrete dynamical system can be expressed as{
Xt+1 = AXt with, A ∈ Mn(R)
X0 is given

(2.3.1)

Where A = M(f)
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Figure 2.2: We took the following parameters a = −0.5, X0 = 2
0 is said to be locally asymptotically stable. We say that Xt shows a damped oscillation behaviour.

Figure 2.3: We took the following parameters a = 2, X0 = 2
0 is said to be unstable.

Figure 2.4: We took the following parameters a = −2, X0 = 2
0 is said to be unstable.We say that Xt shows a growing oscillation behaviour.
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Figure 2.5: As shown in example 15, the origin (0, 0) is locally asymptotically stable.

Theorem 2 1. If ρ(A) < 1, then the origin is locally asymptotically stable. Furthermore, if
eigenvalues are complex, Xt shows damped oscillation behavior.

2. If ρ(A) > 1, then the origin is unstable. Furthermore, if eigenvalues are complex, Xt shows
growing oscillation behavior.

Example 15 Let the following linear system{
Xt+1 = AXt with, A ∈ Mn(R)
X0 is given

with A =

(
0.7 0.2
0.1 0.5

)
λ1 = 0.7732, λ2 = 0.4268 and ρ(A) = 0.7732 < 1
Thus, the origin (0, 0) is locally asymptotically stable.
The resulting graph can be found in �gure 2.5

Example 16 Let the following linear system{
Xt+1 = AXt with, A ∈ Mn(R)
X0 is given

with A =

(
0.5 −0.7
0.7 0.5

)
λ1 = 0.5000 + 0.7000i, λ2 = 0.5000− 0.7000i and ρ(A) = 0.8602 < 1
Thus, the origin (0, 0) is locally asymptotically stable. But since the eigenvalues have imaginary

parts, we observe damped oscillations as illustrated in �gure 2.7.

Example 17 Let the following linear system{
Xt+1 = AXt with, A ∈ Mn(R)
X0 is given

with A =

(
1.5 0.4
0.2 1.3

)
λ1 = 1.7, λ2 = 1.1 and ρ(A) = 1.7 > 1 Thus, the origin (0, 0) is unstable.
The resulting graph can be found in �gure 2.7
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Figure 2.6: As shown in example 16, we observe damped oscillations .

Figure 2.7: As shown in example 17, the origin (0, 0) is unstable.
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Figure 2.8: As shown in example 18, the origin (0, 0) is unstable and the solution shows a growing
oscillation behaviour.

Example 18 Let the following linear system{
Xt+1 = AXt with, A ∈ Mn(R)
X0 is given

with A =

(
1.1 −0.8
0.8 1.1

)
λ1 = 1.1000 + 0.8000i, λ2 = 1.1000 − 0.8000i and ρ(A) = 3.4225 > 1 Thus, the origin (0, 0)

is unstable.But since eigenvalues have imaginary parts, the solution shows a growing oscillation
behaviour as illustrated in �gure 2.8.

2.3.1 Linearization Method for nonlinear systems

De�nition 13 {
Xt+1 = f(Xt) , t ∈ N
X0 is given

(2.3.2)

With f : R → R.
Suppose that X̂ is a steady state of 2.3.2
Let Yt = Xt − X̂, then

Yt+1 =Xt+1 − X̂

=f(Xt)− X̂

De�nition 14 The Taylor development of f around X̂ gives:
f(X) = f(X̂) + f ′(X̂)(X − X̂)

Yt+1 = f(X̂)︸ ︷︷ ︸
X̂

+ f ′(X̂)︸ ︷︷ ︸
a

(Xt − X̂︸ ︷︷ ︸
Yt

)− X̂

⇒ Yt+1 =aYt (∗)

(*) is said to be the linearized version of (2.3.2).
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Figure 2.9: We took the following parameters r = 0.1, K = 100, N0 = 35
0 is said to be unstable and K is stable.

Theorem 3 1. If |f ′(X̂)| < 1, then x̂ is localy asymptoticaly stable.
Furthermore, if −1 < f ′(X̂) < 0, Xt shows damped oscillation behaviour.

2. If |f ′(X̂)| > 1, then x̂ is unstable. Furthermore, if f ′(X̂) < −1, Xt shows growing oscillation
behaviour.

Example 19 The discrete logistic equation is given by Nt+1 = r Nt

(
1− Nt

K

)
+Nt , t ∈ N

N0 is given
(2.3.3)

Where:
r: Growth rate
K: Carrying capacity
N0: Initial population
The system has two equilibria N∗

1 = 0 and N∗
2 = K.

Since f ′(x) = 1 + r − 2r

K
x, then:

f ′(0) = 1 + r and f ′(K) = 1− r.
Thus, if r > 0, then f ′(0) > 1 and f ′(K) < 1.
which implies that 0 is unstable and K is locally asymptotically stable.
On the other hand, if r < 0, then f ′(0) < 1 and f ′(K) > 1.
which implies that K is unstable and 0 is locally asymptotically stable.
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Figure 2.10: We took the following parameters r = −0.1, K = 100, N0 = 35
0 is said to be stable and K is unstable.

Figure 2.11: We took the following parameters r = −1.3, K = 100, N0 = 35
0 is said to be stable and K is unstable.
The trajectory shows a damped oscillations behaviour.
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Figure 2.12: We took the following parameters r = −2.9, K = 100, N0 = 35
The trajectory shows a growing oscillations behaviour.

2.3.2 Linearization Method for nonlinear n-dimensional systems

De�nition 15 {
Xt+1 = f(Xt) , t ∈ N
X0 is given

(2.3.4)

Suppose that f : Rn → Rn and X̄ a steady state of (2.3.4)

The linearized system associated with (2.3.4) around X̄ is given by:

Yt+1 = AYt

where A =



∂f1(X̄)

∂x1t

∂f1(X̄)

∂x2t

· · · ∂f1(X̄)

∂xnt
∂f2(X̄)

∂x1t

∂f2(X̄)

∂x2t

· · · ∂f2(X̄)

∂xnt
...

...
...

∂fn(X̄)

∂x1t

∂fn(X̄)

∂x2t

· · · ∂fn(X̄)

∂xnt


Theorem 4 1. If ρ(A) < 1, then x̂ is localy asymptoticaly stable. Furthermore, if eigenvalues

are complex, Xt shows damped oscillation behaviour.

2. If ρ(A) > 1, then x̂ is unstable. Furthermore, if eigenvalues are complex, Xt shows growing
oscillation behaviour.

Example 20 The following system describes a prey-predator model:{
xt+1 = k1xt − k2xtyt
yt+1 = k3yt + k4xtyt

xt: Prey population at time t.
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yt: Predator population at time t.
k1: Natural growth rate of the prey.
k3: Natural growth rate of the predator.
Let us calculate the steady states;{

x∗ = k1x
∗ − k2x

∗y∗

y∗ = k3y
∗ + k4x

∗y∗

E0(0, 0) is a steady state.

Now suppose x∗ ̸= 0 et y∗ ̸= 0 ⇒
{

1 = k1 − k2y
∗

1 = k3 + k4x
∗

⇒ x∗ =
1− k3
k4

and y∗ =
k1 − 1

k2

Ec

(
1− k3
k4

,
k1 − 1

k2

)
is called the coexistence steady state.

The jacobian at equilibrium is given by:

J(E) =

(
k1 − k2y

∗ −k2x
∗

k4y
∗ k3 + k4x

∗

)

J(E0) =

(
k1 0
0 k3

)
Thus, the eigenvalues are k1 and k3.

At coexistence state,

J(Ec) =

k1 − k2
k1 − 1

k2
−k2

1− k3
k4

k4
k1 − 1

k2
k3 + k4

1− k3
k4


=

 1 −k2
1− k3
k4

k4
k1 − 1

k2
1


The characteristic polynomial is given by:

PJ(X) = det(J(Ec)−XI) =

∣∣∣∣∣∣∣
1−X −k2

1− k3
k4

k4
k1 − 1

k2
1−X

∣∣∣∣∣∣∣
=(1−X)2 + (k1 − 1)(1− k3)

=X2 − 2X + 1 + (k1 − 1)(1− k3)

First scenario
We choose k1 = 1.09, k2 = 10−5, k3 = 0.75, k4 = 5× 10−6

and x0 = 53000 y0 = 9000.
Since k1 > 1, then the origin E0 is unstable.
At coexistence state,we obtain two eigenvalues λ1 = 1 + 0.15i and λ2 = 1. − 0.15i, thus the
coexistence steady state is unstable.
Furthermore, the solution will show growing oscillations since eigenvalues are complex as shown
in �gure 2.13. The corresponding phase portrait is depicted in �gure 2.14
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(a) xt graph (b) yt graph

Figure 2.13: The graph shows growing oscillations behaviour.

Figure 2.14: Phase portrait corresponding to scenario 1

Second scenario
We choose k1 = 0.59, k2 = 10−5, k3 = 0.75, k4 = 5× 10−6 and x0 = 53000 y0 = 9000.

Since k1 < 0 and k3 < 1, then the origin E0 is locally asymptotically stable.
At coexistence state,PJ(X) = X2 − 2X + 0.8975 and we obtain two eigenvalues λ1 = 0.6798 and
λ2 = 1.32, thus the coexistence steady state is unstable.
The resulting graph is shown in �gure 2.15
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(a) xt graph (b) yt graph

Figure 2.15: The graph shows a rapid decay to zero.

2.4.2.2-Stability of a Non-Hyperbolic Fixed Point

De�nition 16 A �xed point x̄ of (2.2.2) is said to be hyperbolic if |f ′(x̄)| ≠ 1. In the case where
|f ′(x̄)| = 1, x̄ is said to be non-hyperbolic.

We can use the following theorem to study the stability of the �xed point.

Theorem 5 Let x̄ be a �xed point of the system (2.2.2) with f ∈ C3, |f ′(x̄)| = 1, and f ′′(x̄) = 0.
Then:

� If f ′′′(x̄) > 0, the �xed point x̄ is unstable.

� If f ′′′(x̄) < 0, the �xed point x̄ is asymptotically stable.

Example 21 Consider the dynamical system xt+1 = x3
t + xt. We have:

f(x̄) = x̄ ⇒ x̄3 + x̄ = x̄

⇒ x̄ = 0

We compute:
f ′(x) = 3x2 + 1, so f ′(0) = 1

f ′′(x) = 6x, so f ′′(0) = 0

f ′′′(x) = 6, so f ′′′(0) = 6 > 0

Thus, according to Theorem 5, we deduce that the �xed point x̄ = 0 is unstable (see �gure 2.16).

Example 22 Consider the dynamical system xt+1 = −x3
t + xt. We have:

f(x̄) = x̄ ⇒ −x̄3 + x̄ = x̄

⇒ x̄ = 0

We compute:
f ′(x) = −3x2 + 1, so f ′(0) = 1

f ′′(x) = −6x, so f ′′(0) = 0

f ′′′(x) = −6, so f ′′′(0) = −6 < 0

Thus, according to Theorem 5, we deduce that the �xed point x̄ = 0 is asymptotically stable (see
�gure 2.17).
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Figure 2.16

Figure 2.17

2.4 Recalls on Eigenvalues and Eigenvectors

Eigenvalues play a fundamental role in understanding �xed-point methods in multiple dimen-
sions. In this section, we recall the main de�nitions as well as the power method, which allows
the computation of some eigenvalues of a matrix and their corresponding eigenvectors.
De�nition 17 If A is an n-dimensional matrix, its characteristic polynomial is de�ned by

P (λ) = det(A− λI)

where I is the identity matrix.

The polynomial P (λ) is of degree n and has n roots, either real or complex conjugates.

De�nition 18 The roots (or zeros) of the characteristic polynomial are called the eigenvalues of
the matrix A.

Once the eigenvalues are determined, we �nd the eigenspace associated with each eigenvalue
by solving the linear system

(A− λI) v = 0.
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Let us recall some basic properties of eigenvalues and eigenvectors.
If we denote by λi and vi the n eigenvalues and eigenvectors of a matrix A, then the eigenvalues

of the matrix A−1 are
1

λi

, while the eigenvectors remain the same. Indeed, if

Avi = λivi,

multiplying both sides on the left by A−1 gives

vi = λiA
−1vi

⇒ A−1vi =
1

λi

vi.

The computation of the eigenvalues and eigenvectors of a matrix is a di�cult problem, partic-
ularly for very large matrices. In the following section, we introduce some techniques to compute
a few of the eigenvalues.

2.4.1 Power Method

For large matrices, it is impractical to compute eigenvalues by determining the roots of the
characteristic polynomial. Often, it is only necessary to compute a few eigenvalues, namely the
smallest or largest in absolute value. This allows us to determine the most important natural
frequencies of a vibrating system and, of course, to deduce the fundamental modes. Finally, let us
recall that there exist many techniques for computing eigenvalues, but the power method is the
most widely used.

We need a few de�nitions to introduce the power method.
De�nition 19 Let E be a real vector space. A scalar product on E is an application ⟨., .⟩ from
E × E to R such that

⟨U, V ⟩ = U tV =
n∑

i=1

uivi,

which is called the canonical scalar product.

De�nition 20 (Orthogonal Vectors)
Two vectors u and v in the space are orthogonal if and only if u · v = 0.

De�nition 21 (Orthonormal Set)
A set F = (u1, . . . , uk) is orthonormal if all its vectors are pairwise orthogonal and of norm 1,
that is:

⟨ui, uj⟩ = 0 for i ̸= j and ∥ui∥ = 1 for 1 ≤ i ≤ k.

De�nition 22 (Orthonormal Basis)
A set is an orthonormal basis if it is an orthonormal set that also forms a basis of the space.

De�nition 23 (Matrix Norm)
A square matrix of order N is given by N2 real (or complex) numbers, and can therefore be
identi�ed as an element of RN2

. This provides a norm on the space of matrices. Thus, if A = [aij],
we have

∥A∥2 =

(
N∑

i,j=1

a2ij

) 1
2

.
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We assume that the n-dimensional matrix A is symmetric. This ensures that the eigenvalues
are real and allows us to assert that there exists an orthonormal basis of eigenvectors, which we
denote by vj for j ranging from 1 to n. Thus, we have:

Avj = λjvj, 1 ≤ j ≤ n

vj · vi = 0, i ̸= j

vj · vj = 1, 1 ≤ j ≤ n

Furthermore, we assume that the eigenvalues λj of A satisfy:

|λ1| < |λ2| ≤ |λ3| ≤ · · · ≤ |λn| .

In other words, the largest eigenvalue (in absolute value) is strictly greater than the other eigen-
values and therefore has multiplicity 1, i.e., it is a simple root of the characteristic polynomial P (λ).

We will construct a sequence of real numbers νi and a sequence of vectors yi converging re-
spectively to the largest eigenvalue λn of A and an associated eigenvector vn. The power method
algorithm then takes the following simple form:

Power Method Algorithm:

1. Given ϵ, a stopping criterion

2. Given N , the maximum number of iterations

3. Given x0, an arbitrary vector, and ν0, a real number

4. Perform for i from 1 to N :

� xi = Axi−1

� yi =
xi

∥xi∥2

� νi =
Axi · xi

∥xi∥22
= Ayi · yi

� If
|νi − νi−1|

|νi|
≤ ϵ: convergence reached, stop

� If i = N : maximum number of iterations reached, stop

Convergence of the Power Method Algorithm:
We start by expressing the initial vector x0 in the basis of eigenvectors. We thus have:

x0 =
n∑

j=1

αjvj.

Here, we must make the assumption that α1 ̸= 0, i.e., that the vector x0 is not orthogonal to
the �rst eigenvector v1. If this is not the case, another vector x0 must be chosen. We then have:

x1 = Ax0 =
n∑

j=1

αjAvj =
n∑

j=1

αjλjvj,
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and similarly,

x2 = Ax1 = A2x0 =
n∑

j=1

αjλjAvj =
n∑

j=1

αjλ
2
jvj,

and by recurrence,

xi = Aix0 =
n∑

j=1

αjA
ivj =

n∑
j=1

αjλ
i
jvj.

By the orthonormality of the eigenvectors vj, we have on one hand:

∥xi∥22 = xi · xi =
n∑

j=1

α2
jλ

2i
j ,

and on the other hand,

νi =
Axi · xi

xi · xi

=

∑n
j=1 α

2
jλ

2i+1
j∑n

j=1 α
2
jλ

2i
j

= λ1

∑n
j=1 α

2
j

(
λj

λ1

)2i+1

∑n
j=1 α

2
j

(
λj

λ1

)2i .

Since
λj

λ1
< 1 for j ̸= 1, the limits as i → ∞ of

(
λj

λ1

)2i+1

and
(

λj

λ1

)2i
tend to 0. Therefore, we

have
lim
i→∞

νi = λ1,

which is the largest eigenvalue we were seeking.

2.6.2.2-Lyapunov Method

Consider a dynamical system where f : Rn → Rn is a continuous function. Assume that X̄ is
a �xed point of this dynamical system.

Let V : Rn → R, the variation of f with respect to the dynamical system (2.3.1), be de�ned
by

∆V (Xt) = V (f(Xt))− V (Xt) = V (Xt+1)− V (Xt).

De�nition 24 Let G be an open subset of Rn. A function V from G to R is called a Lyapunov
function on G if:

1. V is continuous on G.

2. ∆V (Xt) < 0, ∀Xt+1, Xt ∈ G.

De�nition 25 The Lyapunov function V is said to be positive de�nite at the �xed point X̄ if
there exists an open ball Bϵ(X̄) centered at X̄ with radius ϵ (Bϵ(X̄) = {Y ∈ Rn | ∥X̄ − Y ∥ < ϵ})
such that:

1. V (X̄) = 0.

2. V (Xt) > 0 for all Xt ∈ Bϵ(X̄), Xt ̸= X̄.
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Theorem 6 If there exists a Lyapunov function V on an open ball Bϵ(X̄) that is positive de�nite
at the �xed point X̄ of (2.3.1), then X̄ is stable. Moreover, if ∆V (Xt) < 0 for all Xt, Xt+1 ∈ G,
Xt ̸= X̄, then X̄ is locally asymptotically stable.

Example 23 Consider the dynamical system

xn+1 = x2
n.

We have
x = 0.5x2 ⇒ x(1− 0.5x) = 0

⇒ x = 0 or x = 2.

Thus, the �xed points of this system are x̄1 = 0 and x̄2 = 2.

De�ne the function

V (x) =
1

2
x2.

The function V is continuous on R, and

V (xn+1) =
1

2

(
1

2
xn

)2

=
1

2
(Vn)

2 ≤ V (xn), ∀xn, xn+1 ∈ R.

Hence, V is a Lyapunov function.

We also have V (x̄1) = 0 and V (xn) > 0 for all xn ∈ R, xn ̸= x̄1.
Thus, V is positive de�nite, and according to Theorem 5, the �xed point x̄1 = 0 is asymptotically
stable.

For the point x̄2 = 2, we have V (x̄2) ̸= 0, so V is not positive de�nite at x̄2 = 2, and therefore
it is not stable.

2.5 Solved exercises

Exercise 2.1 Solve the nonlinear discrete dynamical system that represents temperature
control in an electric oven. {

T [n] = 0.5T [n− 1] + 0.2U [n− 1]
U [n] = 0.8[20− T [n]]

(2.5.1)

where T [n] represents the temperature at time n,
T [n− 1] represents the temperature at the previous time step,
and U [n] is the power input applied to the oven at time n.
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Solution
Step 1: Find Equilibrium Points
At equilibrium, we have T [n] = T [n − 1] = T ∗ and U [n] = U [n − 1] = U∗. Substituting into

the system: {
T ∗ = 0.5T ∗ + 0.2U∗

U∗ = 0.8(20− T ∗)

From the �rst equation:

T ∗ − 0.5T ∗ = 0.2U∗ =⇒ 0.5T ∗ = 0.2U∗ =⇒ U∗ = 2.5T ∗

Substitute into the second equation:

2.5T ∗ = 0.8(20− T ∗) =⇒ 2.5T ∗ = 16− 0.8T ∗

2.5T ∗ + 0.8T ∗ = 16 =⇒ 3.3T ∗ = 16 =⇒ T ∗ =
16

3.3
=

160

33
≈ 4.8485

Then:

U∗ = 2.5× 160

33
=

400

33
≈ 12.1212

Equilibrium point: (T ∗, U∗) =

(
160

33
,
400

33

)
Step 2: Stability Analysis
Rewrite the system in matrix form. From:

T [n] = 0.5T [n− 1] + 0.2U [n− 1]

U [n] = 0.8(20− T [n]) = 16− 0.8T [n]

Substitute T [n] into the second equation:

U [n] = 16− 0.8(0.5T [n− 1] + 0.2U [n− 1]) = 16− 0.4T [n− 1]− 0.16U [n− 1]

Thus, the system becomes:[
T [n]
U [n]

]
=

[
0.5 0.2
−0.4 −0.16

] [
T [n− 1]
U [n− 1]

]
+

[
0
16

]
The Jacobian matrix is:

J =

[
0.5 0.2
−0.4 −0.16

]
Eigenvalues of J:

det(J − λI) = det

[
0.5− λ 0.2
−0.4 −0.16− λ

]
= (0.5− λ)(−0.16− λ)− (0.2)(−0.4)

= −λ(0.34− λ) = 0 =⇒ λ1 = 0, λ2 = 0.34

Both eigenvalues satisfy |λ| < 1, so the system is stable.
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Exercise 2.2 Solve the following linear discrete dynamical system:
x1,t+1 = −x1,t + x2,t

x2,t+1 = −x2,t

x3,t+1 = −3x3,t

(2.5.2)

Solution
Step 1: Find Equilibrium Points
At equilibrium, we have x1,t+1 = x1,t = x∗

1, x2,t+1 = x2,t = x∗
2, and x3,t+1 = x3,t = x∗

3.
Substituting into the system: 

x∗
1 = −x∗

1 + x∗
2

x∗
2 = −x∗

2

x∗
3 = −3x∗

3

Solving each equation:
� From x∗

2 = −x∗
2: 2x

∗
2 = 0 ⇒ x∗

2 = 0

� From x∗
3 = −3x∗

3: 4x
∗
3 = 0 ⇒ x∗

3 = 0

� From x∗
1 = −x∗

1 + x∗
2: 2x

∗
1 = x∗

2 = 0 ⇒ x∗
1 = 0

Equilibrium point: (x∗
1, x

∗
2, x

∗
3) = (0, 0, 0)

Step 2: Stability Analysis
The system can be written in matrix form:x1,t+1

x2,t+1

x3,t+1

 =

−1 1 0
0 −1 0
0 0 −3

x1,t

x2,t

x3,t


The eigenvalues of the matrix are:

det

−1− λ 1 0
0 −1− λ 0
0 0 −3− λ

 = (−1− λ)2(−3− λ) = 0

⇒ λ1 = −1 (double), λ2 = −3

For discrete dynamical systems, stability requires |λ| < 1 for all eigenvalues. Here:

� |λ1| = 1 (marginally stable)

� |λ2| = 3 > 1 (unstable)

Conclusion: The system is unstable due to |λ2| = 3 > 1.
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Exercise 2.3 Consider the following nonlinear discrete dynamical system:{
x[n+ 1] = 1.2x[n]− 0.1x[n]y[n]
y[n+ 1] = 0.6x[n]y[n] + 0.3y[n]

(2.5.3)

1. Find the �xed points of the system (2.5.3).

2. Study the stability of the system.

Solution

1. Fixed points satisfy x[n + 1] = x[n] = x∗ and y[n + 1] = y[n] = y∗. Substituting into the
system: {

x∗ = 1.2x∗ − 0.1x∗y∗

y∗ = 0.6x∗y∗ + 0.3y∗

Solving the �rst equation:

x∗ = 1.2x∗ − 0.1x∗y∗ ⇒ x∗(1− 1.2 + 0.1y∗) = 0

x∗(−0.2 + 0.1y∗) = 0

This gives two cases:

� Case 1: x∗ = 0

� Case 2: −0.2 + 0.1y∗ = 0 ⇒ y∗ = 2

Solving the second equation:

y∗ = 0.6x∗y∗ + 0.3y∗ ⇒ y∗(1− 0.3− 0.6x∗) = 0

y∗(0.7− 0.6x∗) = 0

This gives two cases:

� Case A: y∗ = 0

� Case B: 0.7− 0.6x∗ = 0 ⇒ x∗ = 7
6

Now we combine the cases:

� Fixed Point 1: From Case 1 (x∗ = 0) and Case A (y∗ = 0): (0, 0)

� Fixed Point 2: From Case 2 (y∗ = 2) and Case B (x∗ = 7
6
):
(
7
6
, 2
)

2. Stability Analysis

To study stability, we linearize the system around each �xed point using the Jacobian matrix.

The system can be written as: {
f(x, y) = 1.2x− 0.1xy

g(x, y) = 0.6xy + 0.3y
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The Jacobian matrix is:

J(x, y) =

[
∂f
∂x

∂f
∂y

∂g
∂x

∂g
∂y

]
=

[
1.2− 0.1y −0.1x

0.6y 0.6x+ 0.3

]
Fixed Point 1: (0, 0)

Jacobian at (0, 0):

J(0, 0) =

[
1.2 0
0 0.3

]
Eigenvalues: λ1 = 1.2, λ2 = 0.3

Since |λ1| = 1.2 > 1, the �xed point (0, 0) is unstable.

Fixed Point 2:
(
7
6
, 2
)

Jacobian at
(
7
6
, 2
)
:

J

(
7

6
, 2

)
=

[
1.2− 0.1(2) −0.1

(
7
6

)
0.6(2) 0.6

(
7
6

)
+ 0.3

]
=

[
1.0 − 7

60

1.2 1.0

]
Characteristic equation:

det(J − λI) =

∣∣∣∣1− λ − 7
60

1.2 1− λ

∣∣∣∣ = (1− λ)2 +
7

50
= 0

Eigenvalues:

λ = 1± i

√
7

50
= 1± i

√
14

10

Magnitude:

|λ| =

√√√√12 +

(√
14

10

)2

=

√
1 +

14

100
=

√
114

100
=

√
1.14 ≈ 1.0677

Since |λ| > 1, the �xed point
(
7
6
, 2
)
is unstable.

Conclusion
Both �xed points are unstable:

� (0, 0): Unstable (saddle point)

�

(
7
6
, 2
)
: Unstable (spiral source)

The system exhibits unstable behavior around both equilibrium points.

Exercise 2.4 Consider the following nonlinear discrete dynamical system:{
x1 =

√
2− x2

2

x2 =
√
x1

(2.5.4)

1. Find the �xed points of the system 2.5.4.

2. Study the stability of the system and determine the nature of the �xed points.
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Solution

1. Fixed points satisfy both equations simultaneously. Let's solve the system:

From the second equation: x2 =
√
x1 ⇒ x1 = x2

2 (since x1 ≥ 0 and x2 ≥ 0)

Substitute into the �rst equation:

x2
2 =

√
2− x2

2

Square both sides:
x4
2 = 2− x2

2 ⇒ x4
2 + x2

2 − 2 = 0

Let u = x2
2, then:

u2 + u− 2 = 0 ⇒ (u+ 2)(u− 1) = 0

Since u = x2
2 ≥ 0, we take u = 1 ⇒ x2 = 1 (taking the positive root since x2 =

√
x1 ≥ 0)

Then x1 = x2
2 = 1

Fixed point: (x1, x2) = (1, 1)

2. To study stability, we consider the system as a discrete dynamical system:{
x1[n+ 1] =

√
2− x2[n]2

x2[n+ 1] =
√

x1[n]

We linearize around the �xed point (1, 1) using the Jacobian matrix.

Let:

f1(x1, x2) =
√

2− x2
2, f2(x1, x2) =

√
x1

The Jacobian matrix is:

J(x1, x2) =

[
∂f1
∂x1

∂f1
∂x2

∂f2
∂x1

∂f2
∂x2

]
=

[
0 − x2√

2−x2
2

1
2
√
x1

0

]

Evaluate at the �xed point (1, 1):

J(1, 1) =

[
0 − 1√

2−1
1

2
√
1

0

]
=

[
0 −1
1
2

0

]

Find the eigenvalues:

det(J − λI) =

∣∣∣∣−λ −1
1
2

−λ

∣∣∣∣ = λ2 +
1

2
= 0

Eigenvalues:

λ = ±i

√
2

2
= ±i

1√
2

The magnitude of the eigenvalues:

|λ| = 1√
2
≈ 0.707 < 1
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Conclusion

� Fixed point: (1, 1) is the only �xed point of the system.

� Stability: Since both eigenvalues have magnitude less than 1, the �xed point is locally
asymptotically stable.

� Nature: The eigenvalues are purely imaginary, indicating that near the �xed point, the
system exhibits oscillatory behavior that decays over time (stable spiral in the linear ap-
proximation).

The system will converge to (1, 1) from initial conditions su�ciently close to this �xed point.

Exercise 2.5 Consider the following nonlinear discrete dynamical system:
x1,t+1 =

x2,t

1 + x2
2,t

x2,t+1 =
x1,t

1 + x2
1,t

(2.5.5)

1. Find the equilibrium points of the system (2.5.5).
De�ne the following function:

V (x1, x2) = x2
1 + x2

2

2. Show that it is a Lyapunov function for the system (2.5.5).

3. Study the stability of the system.

Solution

1. Equilibrium points satisfy x1,t+1 = x1,t = x∗
1 and x2,t+1 = x2,t = x∗

2. Substituting into the
system:


x∗
1 =

x∗
2

1 + (x∗
2)

2

x∗
2 =

x∗
1

1 + (x∗
1)

2

Due to the symmetry of the system, we expect symmetric solutions. Let's solve systemati-
cally:

From the �rst equation: x∗
1(1 + (x∗

2)
2) = x∗

2

From the second equation: x∗
2(1 + (x∗

1)
2) = x∗

1

Multiplying both equations:

[x∗
1(1 + (x∗

2)
2)][x∗

2(1 + (x∗
1)

2)] = x∗
2x

∗
1

x∗
1x

∗
2(1 + (x∗

2)
2)(1 + (x∗

1)
2) = x∗

1x
∗
2
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If x∗
1x

∗
2 ̸= 0, we can divide both sides by x∗

1x
∗
2:

(1 + (x∗
2)

2)(1 + (x∗
1)

2) = 1

Expanding:
1 + (x∗

1)
2 + (x∗

2)
2 + (x∗

1)
2(x∗

2)
2 = 1

(x∗
1)

2 + (x∗
2)

2 + (x∗
1)

2(x∗
2)

2 = 0

Since all terms are non-negative, this implies x∗
1 = x∗

2 = 0.

Now consider the case where x∗
1 = 0 or x∗

2 = 0: - If x∗
1 = 0, then from the second equation:

x∗
2 = 0 - If x∗

2 = 0, then from the �rst equation: x∗
1 = 0

Therefore, the only equilibrium point is (x∗
1, x

∗
2) = (0, 0).

2. Consider the function V (x1, x2) = x2
1 + x2

2.

We need to show that ∆V = V (x1,t+1, x2,t+1)− V (x1,t, x2,t) ≤ 0.

Calculate V (x1,t+1, x2,t+1):

V (x1,t+1, x2,t+1) =

(
x2,t

1 + x2
2,t

)2

+

(
x1,t

1 + x2
1,t

)2

We want to show: (
x2

1 + x2
2

)2

+

(
x1

1 + x2
1

)2

≤ x2
1 + x2

2

Note that for any real number u:(
u

1 + u2

)2

=
u2

(1 + u2)2
≤ u2

1 + u2
≤ u2

Therefore: (
x2

1 + x2
2

)2

≤ x2
2 and

(
x1

1 + x2
1

)2

≤ x2
1

Adding these inequalities: (
x2

1 + x2
2

)2

+

(
x1

1 + x2
1

)2

≤ x2
1 + x2

2

Thus, ∆V ≤ 0 for all (x1, x2).

Moreover, ∆V = 0 only when:(
x2

1 + x2
2

)2

= x2
2 and

(
x1

1 + x2
1

)2

= x2
1

These equalities hold only when x1 = x2 = 0.

Therefore, V (x1, x2) = x2
1 + x2

2 is a strict Lyapunov function for the system.

3. Since we have found a strict Lyapunov function V (x1, x2) that satis�es:
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� V (0, 0) = 0 and V (x1, x2) > 0 for (x1, x2) ̸= (0, 0)

� ∆V (x1, x2) ≤ 0 for all (x1, x2), with equality only at (0, 0)

By the Lyapunov stability theorem for discrete systems, the equilibrium point (0, 0) is glob-
ally asymptotically stable.

All trajectories of the system will converge to the origin (0, 0) regardless of their initial
conditions.

Exercise 2.6 Consider the following nonlinear discrete dynamical system:

xk+1 = a2x3
k − 2abx2

k + b2xk

1. Find the �xed points of the system.

2. Study the stability of the system by describing the nature of the �xed points.

Solution
Consider the following nonlinear discrete dynamical system:

xk+1 = a2x3
k − 2abx2

k + b2xk

1. We have:
x = f(x) ⇔ x = x(a2x2 − 2abx+ b2) =⇒ x[1− (ax− b)2] = 0

=⇒ (x = 0) or (ax− b)2 = 1

=⇒
(
x =

b+ 1

a

)
or

(
x =

b− 1

a

)
, a ̸= 0

Therefore, the �xed points are:

x1 = 0, x2 =
b+ 1

a
, x3 =

b− 1

a

2. Let us compute the derivative at the equilibrium points:

f ′(x) = 3a2x2 − 4abx+ b2

f ′(0) = b2

If |f ′(0)| < 1 =⇒ |b2| < 1 =⇒ the system is asymptotically stable

=⇒ x1 is attractive If |f ′(0)| > 1 =⇒ |b2| > 1 =⇒ the system is unstable =⇒ x1 is repulsive

Now,

f ′(x2) = 3a2
(
b+ 1

a

)2

− 4ab

(
b+ 1

a

)
+ b2

Let Y = b+1
a
, then

∆ = 16b2 − 12b2 = 4b2 = (2b)2
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Y1 =
b

3
, Y2 = b

We have

Y1 = b+ 1 =
b

3
=⇒ b = −3

2

Y2 = b+ 1 = b =⇒ 1 = 0 (impossible)

Thus,
|f ′(x2)| > 1 =⇒ the system is unstable and x2 is repulsive

Similarly, for the point x3, we �nd b =
3

2
> 1, so the system is unstable and x3 is repulsive .

Exercise 2.7 Consider the discrete logistic model:

xn+1 = rxn(1− xn), 0 < r < 4.

1. Find the �xed points of the system.

2. Study the stability of the system for r = 2, describing the nature of the �xed points.

Solution

1. Fixed points satisfy xn+1 = xn = x∗. Substituting into the logistic equation:

x∗ = rx∗(1− x∗)

Rearranging terms:
x∗ − rx∗ + r(x∗)2 = 0

x∗(1− r + rx∗) = 0

This gives two �xed points:

� x∗ = 0

� 1− r + rx∗ = 0 ⇒ x∗ =
r − 1

r

2. For r = 2, the �xed points are:

� x∗ = 0

� x∗ =
2− 1

2
=

1

2

To analyze stability, we use linear stability analysis. The logistic map is:

f(x) = rx(1− x)

The derivative is:
f ′(x) = r(1− x)− rx = r(1− 2x)
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For a �xed point to be stable, we require |f ′(x∗)| < 1.

Fixed Point 1: x∗ = 0
f ′(0) = 2(1− 0) = 2

|f ′(0)| = 2 > 1

Since |f ′(0)| > 1, this �xed point is unstable.

Fixed Point 2: x∗ = 1
2

f ′
(
1

2

)
= 2

(
1− 2 · 1

2

)
= 2(1− 1) = 0

∣∣∣∣f ′
(
1

2

)∣∣∣∣ = 0 < 1

Since |f ′(1/2)| < 1, this �xed point is stable.

Nature of the Fixed Points

� x∗ = 0: Unstable �xed point. Any small perturbation away from 0 will grow, and the
system will move away from this point.

� x∗ = 1
2
: Stable �xed point (attractor). For initial conditions near 1

2
, the system will

converge to this value. Since f ′(1/2) = 0, this is a superstable �xed point, meaning
convergence is very fast (faster than exponential).

Interpretation
For r = 2, the logistic map has a single stable �xed point at x = 1

2
. This represents a population

that stabilizes at half the maximum possible population size. The �xed point at x = 0 (extinction)
is unstable, meaning the population will not go extinct from small perturbations.



Chapter 3

Interpolation

3.1 Introduction

This chapter, together with the next one on numerical di�erentiation and integration, are
closely related since they address di�erent aspects of the same problem. The problem can be
stated as follows: given a function f(x) known only at (n + 1) points of the form ((xi, f(xi)))
for i = 0, 1, 2, · · · , n, can we construct an approximation of f(x) for any value of x? The xi are
called abscissas or interpolation nodes, while the pairs ((xi, f(xi))) for i = 0, 1, 2, · · · , n are called
collocation points or interpolation points, and they may come from experimental data or from a
table. In other words, if we only know the collocation points ((xi, f(xi))) of a function, can we
obtain an approximation of f(x) for a value of x di�erent from the xi?

Under the same assumptions, in the next chapter we will see how to evaluate the derivatives
f ′(x), f ′′(x), · · · as well as the integral of a function.

This is an interpolation problem, whose solution is relatively simple. It is su�cient to construct
a polynomial of su�ciently high degree whose curve passes through the given collocation points.
Such a polynomial is called the collocation polynomial or the interpolation polynomial. To obtain
an approximation of the derivatives or the integral, one simply di�erentiates or integrates the
collocation polynomial. However, there are some fundamental aspects that are important to
study.

First, it is appropriate to recall certain crucial results related to polynomials, which we will
not prove here.
Theorem 7 A polynomial of degree n whose general form is

pn(x) = a0 + a1x+ a2x
2 + · · ·+ anx

n (3.1.1)

with an ̸= 0, has exactly n roots, which may be real or complex conjugates (taking multiplicities
into account).

Corollary 1 Through (n + 1) distinct collocation (interpolation) points with distinct abscissas
((xi, f(xi))) for i = 0, 1, 2, · · · , n, there passes one and only one polynomial of degree n.

De�nition 26 The unique polynomial of degree n passing through the points (xi, f(xi)) for i =
0, 1, 2, · · · , n is called the interpolating polynomial of f(x) of degree n at the abscissas (nodes)
x0, x1, · · · , xn.

56
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3.2 Vandermonde Matrix

The interpolation problem thus consists in determining the unique polynomial of degree n
passing through the (n + 1) collocation points (xi, f(xi)) for i = 0, 1, 2, · · · , n. According to the
previous theorem, there cannot be more than one such polynomial. It now remains to construct
it in the most e�cient and general way possible.

A �rst attempt consists in determining the unknown coe�cients ai of the polynomial (3.1.1)
by directly satisfying the (n+ 1) collocation equations:

pn(xi) = f(xi)

This forms a linear system of (n+1) equations with (n+1) unknowns. This system can be written
in matrix form as follows:

1 x0 x2
0 x3

0 · · · xn
0

1 x1 x2
1 x3

1 · · · xn
1

1 x2 x2
2 x3

2 · · · xn
2

...
...

...
...

. . .
...

1 xn x2
n x3

n · · · xn
n




a0
a1
a2
...
an

 =


f(x0)
f(x1)
f(x2)
...

f(xn)


The square matrix on the left is called theVandermonde matrix and is denoted by V (x0, x1, . . . , xn).
It is de�ned as follows:
De�nition 27 The Vandermonde matrix associated with the nodes x0, x1, . . . , xn is given by

V (x0, x1, . . . , xn) =


1 x0 x2

0 x3
0 · · · xn

0

1 x1 x2
1 x3

1 · · · xn
1

1 x2 x2
2 x3

2 · · · xn
2

...
...

...
...

. . .
...

1 xn x2
n x3

n · · · xn
n

 (3.2.1)

The determinant of the Vandermonde matrix plays a crucial role in ensuring the existence and
uniqueness of the interpolating polynomial. It is given by:

det(V (x0, x1, . . . , xn)) =
∏

0≤i<j≤n

(xj − xi) (3.2.2)

Since all the abscissas xi are distinct, we have det(V ) ̸= 0. Therefore, the system admits a
unique solution, which ensures the existence and uniqueness of the interpolating polynomial.

3.3 Cubic Splines

The word "spline" refers in English to a �exible and elastic ruler that draftsmen used to draw
smooth or regular curves passing through a large number of points. This concept is also widely
used in computer-aided design (CAD), where one seeks to represent objects with smooth shapes.

We have already observed that the use of high-degree polynomials is delicate and often leads
to large-amplitude oscillations. Therefore, high-degree polynomials are not well suited for this
purpose.
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Figure 3.1: Piecewise linear interpolation

We can measure the smoothness of a function through its derivatives. Indeed, the more a
function is di�erentiable, the smoother its associated curve becomes, and the more regular the
function is.

The problem with using low-degree polynomials arises from the fact that several of them are
required to connect all the points. This is the case with piecewise linear interpolation, illustrated
in Figure 3.1, which consists of connecting each pair of points with a straight line segment. Such
curves are also called linear splines.

It is quite obvious that such a curve would not be suitable for designing the body of a car
or the wing of an aircraft. Therefore, greater care must be taken at the junctions between the
di�erent curve segments. The linear spline is continuous but not di�erentiable, and we will now
show that much better results can be achieved.

Cubic splines represent a very interesting compromise between the smoothness of the resulting
curve and the degree of the polynomials used. In what follows, we will study curves of the form
y = f(x).

3.3.1 Curves of the form y = f(x)

We now consider, once again, (n + 1) interpolation points (xi, f(xi)), for i = 0, 1, 2, · · · , n,
through which we wish to draw a curve that is as many times di�erentiable as possible. Within
each interval [xi, xi+1] (of length hi = xi+1 − xi), we will use a cubic polynomial of the form:

Si(x) = ai + bix+ cix
2 + dix

3, for i = 1, 2, · · · , n, (3.3.1)

and connect these di�erent polynomials in such a way that the resulting curve is twice di�eren-
tiable.

The situation is illustrated in Figure 3.2 for n = 4. This is cubic spline interpolation, where
we ensure continuity not only of the function values but also of their �rst derivatives at each xi.

Since there are (n + 1) interpolation points, there are n intervals [xi, xi+1], which yield 4n
unknown coe�cients ai, bi, ci, and di. These 4n coe�cients must be determined as e�ciently as
possible in order for the method to remain practical and attractive.
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Figure 3.2: Cubic splines: (n = 4) cubic polynomial segments

De�nition 28 S is said to be a cubic spline of the function f with respect to the support points
xi and xi+1, i = 0, · · · , n, if:

1. S(xi) = f(xi);

2. S is twice continuously di�erentiable;

3. On each interval [xi, xi+1], S reduces to a cubic polynomial denoted by Si(x).

Proposition 1 On each interval [xi, xi+1], the restriction Si(x) of S(x) can be written as:

Si(x) =
Di+1

6

[
1

hi

(x− xi)
3 − hi(x− xi)

]
+

Di

6

[
1

hi

(xi+1 − x)3 − hi(xi+1 − x)

]

+
1

hi

(x− xi)f(xi+1) +
1

hi

(xi+1 − x)f(xi),

where
Di = S ′′

i (xi) and Di+1 = S ′′
i (xi+1).

The continuity conditions for the �rst derivatives at the common endpoints xi are expressed
as:

S ′
i(xi+1) = S ′

i+1(xi+1), i = 0, · · · , n− 2,

which lead to a system of (n+1) equations with (n+1) unknowns D0, D1, · · · , Dn. However, two
additional equations are required. These are obtained by imposing extra boundary conditions on
the spline, leading to the following de�nition:

De�nition 29 A spline is said to be natural if, in addition, it satis�es the following two boundary
conditions:

D0 = S ′′
0 (x0) = 0,

Dn = S ′′
n(xn) = 0.
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Proposition 2 The coe�cients D1, D2, · · · , Dn−1 of a natural spline are the solutions of the linear
system AD = F , where A is a tridiagonal matrix given by:

A =



h0 + h1

3

h1

6
0 0 · · · 0

h1

6

h1 + h2

3

h2

6
0 · · · 0

0
h2

6

h2 + h3

3

h3

6
· · · 0

...
. . .

...

0 0 · · · 0
hn−1

6

hn−1 + hn

3


The vector F is given by:

F =



f(x2)− f(x1)

h1

− f(x1)− f(x0)

h0

f(x3)− f(x2)

h2

− f(x2)− f(x1)

h1
...

f(xn)− f(xn−1)

hn−1

− f(xn−1)− f(xn−2)

hn−2


Example 24 Compute the natural cubic spline for the following data:

xi 0 1 2 4
f(xi) 2 1 2 5

Then estimate f(3).

Answer:
The step sizes are:

h0 = h1 = 1, h2 = 2.

For the natural spline we impose:
D0 = D3 = 0.

D1 and D2 are the solutions of the linear system AD = F , where

A =

h0 + h1

3

h1

6
h1

6

h1 + h2

3

 , F =


f(x2)− f(x1)

h1

− f(x1)− f(x0)

h0

f(x3)− f(x2)

h2

− f(x2)− f(x1)

h1

 .

Substituting the given data gives the system:2

3

1

6
1

6
1

(D1

D2

)
=

2

1

2

 ,

whose solution is
D1 = 3, D2 = 0.

Hence...
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S0(x) =
D1

6

[
1

h0

(x− x0)
3 − h0(x− x0)

]
+

D0

6

[
1

h0

(x1 − x)3 − h0(x1 − x)

]
+

1

h0

(x− x0) f(x1) +
1

h0

(x1 − x)f(x0)

=
1

3
x3 − 3

2
x+ 2

S1(x) =
D2

6

[
1

h1

(x− x1)
3 − h1(x− x1)

]
+

D1

6

[
1

h1

(x2 − x)3 − h1(x2 − x)

]
+

1

h1

(x− x1) f(x2) +
1

h1

(x2 − x)f(x1)

= −1

2
x3 + 5x2 − 7

2
x+ 1

S2(x) =
D3

6

[
1

h2

(x− x2)
3 − h2(x− x2)

]
+

D2

6

[
1

h2

(x3 − x)3 − h2(x3 − x)

]
+

1

h2

(x− x2) f(x3) +
1

h2

(x3 − x)f(x2)

=
3

2
x− 1

The cubic spline is given by :

S(x) =



1

2
x3 − 3

2
x+ 2, 0 ≤ x ≤ 1,

−1

2
x3 + 3x2 − 9

2
x+ 3, 1 ≤ x ≤ 2,

3

2
x− 1, 2 ≤ x ≤ 4.

(3.3.2)

Estimation of f(3)
3 ∈ [2, 4], then

f(3) ≃ S2(3) =
7

2
= 3.5

3.4 Kriging

The main objective of geostatistics is spatial prediction, also known as kriging, which consists
in predicting a regionalized variable of interest over a study domain based on data observed at
certain locations. Kriging fundamentally relies on the modeling and estimation of the spatial
dependence structure.

Among interpolation methods, only kriging is based on a sound statistical approach and allows
for obtaining the true estimation variance. We consider here the interpolation of a plane curve of
the form y = f(x). Let (xi, f(xi)) for i = 1, 2, · · · , n be the given data points. We consider the
following linear system:
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

K11 K12 K13 · · · K1n 1 x1

K21 K22 K23 · · · K2n 1 x2

K31 K32 K33 · · · K3n 1 x3
...

...
...

. . .
...

...
...

Kn1 Kn2 Kn3 · · · Knn 1 xn

1 1 1 · · · 1 0 0
x1 x2 x3 · · · xn 0 0





α1

α2

α3
...
αn

a1
a2


=



f(x1)
f(x2)
f(x3)
...

f(xn)
0
0


(3.4.1)

which can be represented in matrix form as:[
K A
AT a

] [
α→

a→

]
=

[
f→

0→

]
(3.4.2)

The matrices K and A, as well as the vectors α→, f→ and a→, are de�ned by comparing relations
(3.4.1) and (3.4.2). The matrix A depends on the coordinates of the collocation points, while the
elements of matrix K are typically given by a relation of the form:

Kij = g (|xi − xj|) (3.4.3)

The coe�cients Kij are obtained from a function g that varies with the distance between the
abscissas xi and xj. The choice of the function g determines the properties of the kriging curve.

Let us now consider the function:

u(x) =
n∑

j=1

αjg (|xi − xj|) + a1 + a2x (3.4.4)

If a1, a2, and the αj are solutions of system (3.4.1), then the function u(x) passes through the
given n interpolation points. Indeed, the i-th equation of the system can be written as:

n∑
j=1

αjKij + a1 + a2xi = f(xi)

which can also be expressed as:

n∑
j=1

αjg (|xi − xj|) + a1 + a2xi = f(xi)

This means that:
u(xi) = f(xi)

The last two equations of system (3.4.1) are simply:

n∑
j=1

αj = 0 and
n∑

j=1

αjxj = 0 (3.4.5)

which represent unbiasedness conditions of the function u(x), referring here to the statistical aspect
of kriging.

The function u(x) can be decomposed into two parts. The term called the trend (or drift) is
de�ned as:

a1 + a2x (3.4.6)
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which may also be a polynomial of degree k. In that case, the system (3.4.1) must be slightly
modi�ed by adding rows and columns containing the di�erent powers of the points xi. The system
then takes the form:

A =



K11 · · · K1n 1 x1 (x1)
2 · · · (x1)

k

K21 · · · K2n 1 x2 (x2)
2 · · · (x2)

k

K31 · · · K3n 1 x3 (x3)
2 · · · (x3)

k

...
. . .

...
...

...
...

. . .
...

Kn1 · · · Knn 1 xn (xn)
2 · · · (xn)

k

1 · · · 1 0 0 0 · · · 0
x1 · · · xn 0 0 0 · · · 0

(x1)
2 · · · (xn)

2 0 0 0 · · · 0
...

. . .
...

...
...

...
. . .

...
(x1)

k · · · (xn)
k 0 0 0 · · · 0





α1

α2

α3
...
αn

a1
a2
a3
...

ak+1


=



f(x1)
f(x2)
f(x3)
...

f(xn)
0
0
0
...
0


(3.4.7)

The function
n∑

j=1

αjg (|xi − xj|) (3.4.8)

is called the random �uctuation. The drift can be interpreted as a �rst approximation of the
general behavior of the function f(x) to be interpolated.

The random �uctuation is a correction of the drift that allows the curve to pass through the
interpolation points. In Figure 3.3, the points are more or less scattered around a straight line. In
this case, choosing a linear drift seems appropriate. In other situations, a constant or parabolic
drift could provide better results.

Figure 3.3: Drift and Kriging curve
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Remark 11 The choice of the function g(h) is not entirely arbitrary; it is governed by certain
rules that we will not specify here. Moreover, if the function g is replaced by cg, where c is a
constant, the matrix K is multiplied by the same constant.

It is easy to see that the solution of system (3.4.1) is then
[
α→

c
a→
]T

. We can therefore

conclude that when the function g is multiplied by a constant, the solution vector α→ is divided by
the same constant, while the vector a→ remains unchanged.

Furthermore, the function u(x) in formula (3.4.4) remains unchanged, since the function g is
multiplied by c and the coe�cients αj are divided by c. We can thus conclude that the kriging
curve (3.4.4) remains unchanged when the function g is multiplied by a constant.

Choice of the function g
The choice of the function g is not entirely arbitrary, and some functions g are more interesting

than others.
First choice: Let us start with the simplest one:

g(h) = h (3.4.9)

which implies that:
Kij = g (|xi − xj|) = |xi − xj|

In this case, the function u(x) can be written as:

n∑
j=1

αj |x− xj|+ a1 + a2x

The function |x− xj| is piecewise linear and not di�erentiable at the point xj. Since the drift is
also linear, we deduce that u(x) is a piecewise linear interpolation, because by construction, u(x)
passes through all the collocation points. This curve is also called a linear spline.

Example 25 Consider the 5 points (0, 0), (1, 1), (2, 1), (3, 2) and (4, 2). If we use the function
(3.4.9), the linear system (3.4.1) has a dimension of (5 + 2) and is written as follows:

0 1 2 3 4 1 0
1 0 1 2 3 1 1
2 1 0 1 2 1 2
3 2 1 0 1 1 3
4 3 2 1 0 1 4
1 1 1 · · · 1 0 0
0 1 2 3 4 0 0





α1

α2

α3

α4

α5

a1
a2


=



0
1
1
2
2
0
0


(3.4.10)

whose solution, obtained by LU decomposition, is the vector:[
1

4
− 1

2

1

2
− 1

2

1

4
0
1

2

]T
The function u(x) is then written as:

u(x) =
1

4
|x− 0| − 1

2
|x− 1|+ 1

2
|x− 2| − 1

2
|x− 3|+ 1

4
|x− 4|+ 0 +

1

2
x

and is illustrated in Figure 3.4. We can see that this function is indeed piecewise linear and
passes through all the collocation points, which gives it this characteristic "sawtooth� appearance.
Moreover, to obtain the equation of this linear spline using classical techniques, one would need to
de�ne the curve for each subinterval.
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Figure 3.4: Linear kriging

Second choice: The second interesting case corresponds to the choice:

g(h) = h3 (3.4.11)

The coe�cients of the matrix K are then functions of the cube of the distance between the
interpolation abscissas, that is:

Kij = g (|xi − xj|) = |xi − xj|3

and the corresponding function u(x) involves the functions:

gj(x) = g (|x− xj|) = |x− xj|3

Each function gj(x) is twice di�erentiable at the point xj. Indeed:

gj(x) =

{
− |x− xj|3 if x < xj

|x− xj|3 if x > xj

The left and right limits at xj both tend to 0, which means that this function is continuous at xj.
Similarly:

g′j(x) =

{
−3 |x− xj|2 if x < xj

3 |x− xj|2 if x > xj

and the left and right limits again tend to 0. The function gj(x) is therefore once di�erentiable.
Moreover:

g′′j (x) =

{
−6 |x− xj| if x < xj

6 |x− xj| if x > xj

We therefore observe that the second derivative is also continuous, but not the third derivative,
since the left and right limits are respectively −6 and 6. The function u(x) is thus twice di�er-
entiable and of degree 3 everywhere, which demonstrates that it is a cubic spline. This spline is
implicitly natural since:

u′′(x1) =
n∑

j=1

αjg
′′
j (x1) = −

n∑
j=1

αj6(x1 − xj) = −6x1

n∑
j=1

αj + 6
n∑

j=1

αjxj = 0
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by virtue of relations (3.4.5). A similar result would be obtained for u′′(xn).

Example 26 If we consider the same points as in the previous example but with g(h) = h3, we
obtain the system: 

0 1 8 27 64 1 0
1 0 1 8 27 1 1
8 1 0 1 8 1 2
27 8 1 0 1 1 3
64 27 8 1 0 1 4
1 1 1 · · · 1 0 0
0 1 2 3 4 0 0





α1

α2

α3

α4

α5

a1
a2


=



0
1
1
2
2
0
0


(3.4.12)

The corresponding function u(x) is illustrated in Figure 3.5 and indeed corresponds to a cubic
spline. The equation of this spline is:

u(x) = −0.17875 |x− 0|3 + 0.57143 |x− 1|3 − 0.78571 |x− 2|3+

0.57143 |x− 3|3 − 0.17857 |x− 4|3 + 1.7143 + 0.5x

It can be observed that the expression of the trend is not the same as in the case g(h) = h.

Figure 3.5: Cubic kriging

It is also worth noting that a single equation represents the entire curve, unlike the system of
equations by sub-intervals described in Section 3.3.1 (see formula (3.3.1)).

3.4.1 Multidimensional case

The dual kriging method can be easily extended to multiple dimensions. Let the n interpolation
points be:

(xi
1, x

i
2, x

i
3) = f(xi

1, x
i
2, x

i
3)

In this case, the dual kriging system becomes:
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

K11 K12 · · · K1n 1 x1
1 x1

2 x1
3

K21 K22 · · · K2n 1 x2
1 x2

2 x2
3

...
...

. . .
...

...
...

...
...

Kn1 Kn2 · · · Knn 1 xn
1 xn

2 xn
3

1 1 · · · 1 0 0 0 0
x1 x2

1 · · · xn
1 0 0 0 0

x1
2 x2

2 · · · xn
2 0 0 0 0

x1
3 x2

3 · · · xn
3 0 0 0 0





α1

α2
...
αn

a1
a2
a3
a4


=



f(x1
1, x

1
2, x

1
3)

f(x2
1, x

2
2, x

2
3)

...
f(x3

1, x
3
2, x

3
3

0
0
0
0


(3.4.13)

and the kriging function becomes:

u(x⃗) =
n∑

j=1

αj∥x⃗− x⃗j∥+ a1 + a2x1 + a3x2 + a4x3 (3.4.14)

which is valid at any point x⃗ = (x1, x2, x3). In expression (3.4.14), the absolute value has been
replaced by the Euclidean norm. In fact, any other vector norm could be used. It is again easy to
show that:

u(xi
1, x

i
2, x

i
3) = f(xi

1, x
i
2, x

i
3)

The corresponding linear system can be written in matrix form as:[
K P
P T 0

] [
α→

a→

]
=

[
f→

0

]
(3.4.15)

where:

Kij = g (∥x⃗i − x⃗j∥) , P =


1 x1

1 x1
2 x1

3

1 x2
1 x2

2 x2
3

...
...

...
...

1 xn
1 xn

2 xn
3

 , f→ =


f(x1

1, x
1
2, x

1
3)

f(x2
1, x

2
2, x

2
3)

...
f(xn

1 , x
n
2 , x

n
3 )

 .

The vector α→ contains the interpolation coe�cients, while a→ = [a1 a2 a3 a4]
T represents the

drift parameters corresponding to the polynomial part of the kriging function.
Example 27 (Multidimensional Kriging Case-3D, kernel g(h) = h)

Let us consider four observation points in R3 with their associated values:

x⃗1 = (0, 0, 0), f(x⃗1) = 1,

x⃗2 = (1, 0, 0), f(x⃗2) = 2,

x⃗3 = (0, 1, 0), f(x⃗3) = 3,

x⃗4 = (0, 0, 1), f(x⃗4) = 4.

We choose the radial correlation function g(h) = h, where h denotes the Euclidean distance
between two points:

h = ∥x⃗i − x⃗j∥.

The dual kriging system can then be written as:[
K P

P T 0

][
α

a

]
=

[
f

0

]
,
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where:

Kij = g(∥x⃗i − x⃗j∥), P =


1 x1

1 x1
2 x1

3

1 x2
1 x2

2 x2
3

1 x3
1 x3

2 x3
3

1 x4
1 x4

2 x4
3

 , a =


a1
a2
a3
a4

 .

By substituting the coordinates of the points, we obtain:

K =


0 1 1 1

1 0
√
2

√
2

1
√
2 0

√
2

1
√
2

√
2 0

 , P =


1 0 0 0
1 1 0 0
1 0 1 0
1 0 0 1

 , f =


1
2
3
4

 .

The solution of the system is approximately:

α ≈


−1.68× 10−16

1.49× 10−16

1.49× 10−16

−1.88× 10−16

 , a =


1

1

2

3

 .

Thus, the kriging function becomes:

u(x, y, z) =
4∑

j=1

αj∥(x, y, z)− x⃗j∥+ a1 + a2x+ a3y + a4z.

Since the αj coe�cients are nearly zero, we obtain:

u(x, y, z) ≈ 1 + x+ 2y + 3z.

For a test point (x, y, z) = (0.5, 0.5, 0.5):

u(0.5, 0.5, 0.5) = 1 + 0.5 + 2(0.5) + 3(0.5) = 4.0.

Remark: In this symmetric con�guration, the kriging solution coincides with the a�ne drift.
By choosing another kernel, such as g(h) = h3, a more complex cubic kriging surface would be
obtained.

3.5 Discrete Fourier Transform

The Discrete Fourier Transform (DFT) is the rigorous way to compute the Fourier transform
of a signal that is both periodic and discrete.

There are cases in which classical polynomials are not the most suitable tools. This occurs,
for example, when we want to approximate periodic functions, such as in astronomy, or periodic
data, such as in meteorology. In such situations, it is advantageous to use polynomials that are
themselves periodic. This is precisely where trigonometric polynomials come into play.

To clarify the idea, let us assume that we have a periodic function g(t) (with period 2π) de�ned
for t in the interval [0, 2π]. If this is not the case, and the studied function is f(x) de�ned on the
interval [a, b], we can perform the following change of variable:

t = 2π
(x− a)

(b− a)
or equivalently x =

(b− a)

2π
t+ a,
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which brings us back to the desired interval, allowing us to analyze the function:

g(t) = f

(
b− a

2π
t+ a

)
.

The functions f(x) and g(t) then take exactly the same values-one in the interval [a, b] and the
other in [0, 2π].
De�nition 30 A trigonometric polynomial of degree n is an expression of the form:

Tn(t) =
a0 + an cos(nt)

2
+

n−1∑
j=1

(aj cos(jt) + bj sin(jt)) , (3.5.1)

where the coe�cients a0, an, aj, and bj, for j = 1, 2, · · · , n− 1, are real numbers.

Note that there are 2n coe�cients to be determined. Therefore, we need 2n interpolation (or
sampling) points to determine the coe�cients of a trigonometric polynomial.

We divide the interval [0, 2π] into 2n subintervals of equal length

h =
2π

2n
=

π

n
.

This would normally produce 2n+ 1 sampling points, but since g(t) is periodic, we have g(2π) =
g(0), and therefore the point corresponding to t2n = 2π is not included. Thus, the sampling points
are given by:

tk =
kπ

n
= hk, k = 0, 1, 2, · · · , 2n− 1. (3.5.2)

A �rst method to determine the coe�cients of the trigonometric polynomial (3.5.1) consists of
solving the following linear system:

Tn(tk) = g(tk), k = 0, 1, 2, · · · , 2n− 1, (3.5.3)

where the unknowns are the coe�cients of the polynomial. We illustrate this approach with an
example.

Example 28 Consider the periodic function with period 1, de�ned on the interval [0, 1] by f(x) =

x(1−x). Since the function is de�ned on the interval [0, 1], we set x =
t

2π
, which gives the function

g(t) =

(
t

2π

)(
1− t

2π

)
,

de�ned on [0, 2π].

We take 4 sampling points, namely
[
0,

π

2
, π,

3π

2

]
, and a trigonometric polynomial of degree 2

(n = 2). Note that the point t = 2π is not used explicitly, but is still implicitly taken into account
since we assume g(t) to be periodic, i.e., g(2π) = g(0).

The corresponding system of equations to solve is:

g(0) = 0 =
a0 + a2 cos(0)

2
+ a1 cos(0) + b1 sin(0),

g
(π
2

)
=

3

16
=

a0 + a2 cos(π)

2
+ a1 cos

(π
2

)
+ b1 sin

(π
2

)
,

g(π) =
1

4
=

a0 + a2 cos(2π)

2
+ a1 cos(π) + b1 sin(π),

g

(
3π

2

)
=

3

16
=

a0 + a2 cos(3π)

2
+ a1 cos

(
3π

2

)
+ b1 sin

(
3π

2

)
.
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In matrix form, this system can be written as:

1

2

1

2
1 0

1

2
−1

2
0 1

1

2

1

2
−1 0

1

2
−1

2
0 −1





a0

a2

a1

b1


=



0

3

16

1

4

3

16


The solution of this system is: [

5

16
− 1

16
− 1

8
0

]T
.

Hence, the corresponding trigonometric polynomial is:

T2(t) =
5− cos(2t)

32
− 1

8
cos(t) + 0 sin(t).

This polynomial is shown in Figure 3.7, together with the function g(t).

Figure 3.6: Functions g(t) and T2(t)
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To improve the accuracy of the approximation, it is su�cient to increase the number of sam-
pling points and the degree of the trigonometric polynomial. This also increases the size of the
linear system to be solved.

Unfortunately, solving the linear system (3.5.3) is not the most e�cient method, since the
number of sampling points can become very large. In fact, this method is the analogue, for
trigonometric polynomials, of the Vandermonde method used in classical interpolation.

We now introduce a faster approach, which requires the use of complex numbers and functions,
and more speci�cally, the complex exponential:

eilt = cos(lt) + i sin(lt)

where l is an integer and i is the imaginary unit such that i2 = −1.
For two (possibly complex) functions de�ned at the sampling points tj (see 3.5.2), we de�ne

the following inner product:

⟨f, g⟩ =
2n−1∑
k=0

f(tk) g(tk),

where the complex conjugate appears on the second function.

Lemma 1 The functions eilt are orthogonal with respect to the above inner product, in the sense
that if m and l are two integers between −n and n, then:

〈
eimt, eilt

〉
=

2n−1∑
k=0

eimtk eiltk =


0, if m ̸= l,

2n, if m = l,

2n, if m = n and l = −n.

(3.5.4)

The use of complex exponentials naturally leads to an alternative (but equivalent) form for
trigonometric polynomials:

Tn(t) = αn

(
eint + e−int

2

)
+

n−1∑
j=1−n

αje
ijt

= α0 + αn cos(nt) +
n−1∑
j=1

αje
ijt + α−je

−ijt

= α0+αn cos(nt)+
n−1∑
j=1

[
(αj +α−j) cos(jt)+ i(αj −α−j) sin(jt)

]
.

By comparing term by term this expression with (3.5.1), we can pass from one form to the other
through the relations:

α0 =
a0
2
, αn =

an
2
, aj = (αj + α−j), bj = i(αj − α−j). (3.5.5)

Theorem 8 The trigonometric polynomial interpolating the values of a periodic function g(t) at
the sampling points tk, k = 0, 1, . . . , 2n− 1, can be written as:

Tn(t) = α0 + αn

(
eint + e−int

2

)
+

n−1∑
j=1

(
αje

ijt + α−je
−ijt
)
, (3.5.6)
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and the coe�cients are given by:

αj =
1

2n
⟨g, eijt⟩ = 1

2n

2n−1∑
k=0

g(tk)e
−ijtk =

1

2n

2n−1∑
k=0

g(tk)ω
−jk, j = 0, 1, . . . , n,

α−j =
1

2n
⟨g, e−ijt⟩ = 1

2n

2n−1∑
k=0

g(tk)e
ijtk =

1

2n

2n−1∑
k=0

g(tk)ω
jk, j = 1, 2, . . . , n− 1,

(3.5.7)

where we have de�ned ω = e
iπ
n . The polynomial (3.7.3) corresponds to the discrete Fourier

transform (DFT) of g(t).

Remark 12 Once the coe�cients αj and α−j have been computed, one can revert to the form
(3.5.1) by using the relations (3.5.5).

Example 29 Let us reconsider the previous example, but this time using the relations (3.5.7).

Recall that the sampling points are
[
0,

π

2
, π,

3π

2

]
, and that the function g(t) takes the values

[
5

16
− 1

16
− 1

8
0

]T
.

Also recall that n = 2 in this example. We then have:

α0 =
1

4
⟨g, 1⟩ = 1

4

3∑
k=0

g(tk) =
5

32
,

α2 =
1

4

〈
g, e2it

〉
=

1

4

3∑
k=0

g(tk)e
−2itk = − 1

32
,

α1 =
1

4

〈
g, eit

〉
=

1

4

3∑
k=0

g(tk)e
−itk = − 1

16
,

α−1 =
1

4

〈
g, e−it

〉
=

1

4

3∑
k=0

g(tk)e
itk = − 1

16
.

We can now recover (if necessary) the coe�cients of the trigonometric form:

a0 = 2α0 =
5

16
, a2 = 2α2 = − 1

16
, a1 = α1 + α−1 = −1

8
, b1 = i(α1 − α−1) = 0.

Hence, we recover the trigonometric polynomial:

T2(t) =
5− cos(2t)

32
− 1

8
cos(t) + 0 sin(t),

which is exactly the same result as obtained previously. Note that with this approach, no linear
system needs to be solved.
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3.5.1 2D Lagrange interpolation

De�nition 31 The 2D Lagrange interpolation formula is:

L(x, y) =
n∑

i=0

m∑
j=0

fij li(x) lj(y).

Where fij = f(xi, yj) and li(x) =

n∏
j=0,j ̸=i

(x− xj)

n∏
j=0,j ̸=i

(xi − xj)

Example 30 We interpolate f(x, y) =
√
2xy at points:

(x0, y0) = (0, 2), (x0, y1) = (0, 3)

(x1, y0) = (1, 2), (x1, y1) = (1, 3)

L(x, y) =
1∑

i=0

1∑
j=0

fij li(x) lj(y)

= f00l0(x)l0(y) + f01l0(x)l1(y) + f10l1(x)l0(y) + f11l1(x)l1(y).

f00 =f(0, 2) =
√
2 · 0 · 2 = 0

f01 =f(0, 3) =
√
0 = 0

f10 =f(1, 2) =
√
2 · 1 · 2 = 2

f11 =f(1, 3) =
√
2 · 1 · 3 =

√
6.

l0(x) =
x− x1

x0 − x1

=
x− 1

0− 1
= 1− x

l1(x) =
x− x0

x1 − x0

=
x− 0

1− 0
= x

l0(y) =
y − y1
y0 − y1

=
y − 3

2− 3
= 3− y

l1(y) =
y − y0
y1 − y0

=
y − 2

3− 2
= y − 2.

L(x, y) =f00l0(x)l0(y) + f01l0(x)l1(y) + f10l1(x)l0(y) + f11l1(x)l1(y)

=2x(3− y) +
√
6x(y − 2)

L(1, 2.5) =2(1)(3− 2.5) +
√
6(1)(2.5− 2)

=2.22474

f(1, 2.5) =
√
5

=2.23606
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3.5.2 Newton 2D interpolation

De�nition 32 The 2D Newton interpolation formula is:

P (x, y) =
n∑

i=0

m∑
j=0

f [x0, . . . , xi; y0, . . . , yj] ·
i−1∏
k=0

(x− xk) ·
j−1∏
l=0

(y − yl)

Example 31 We interpolate f(x, y) =
√
2xy at points:

(x0, y0) = (0, 2), (x0, y1) = (0, 3)

(x1, y0) = (1, 2), (x1, y1) = (1, 3)

N(x, y) =
2∑

i=0

1∑
j=0

f [x0, . . . , xi; y0, . . . , yj] ·
i−1∏
k=0

(x− xk) ·
j−1∏
l=0

(y − yl)

=f [x0; y0] + f [x0; y0, y1](y − y0)

+ f [x0, x1; y0](x− x0) + f [x0, x1; y0, y1](x− x0)(y − y0)

f [x0; y0] = f(0, 2) =
√
2 · 0 · 2 = 0

f [x0; y0, y1] =
f [x0; y1]− f [x0; y0]

y1 − y0
=

f(0, 3)− f(0, 2)

3− 2
=

0− 0

1
= 0

f [x0, x1; y0] =
f [x1; y0]− f [x0; y0]

x1 − x0

=
f(1, 2)− f(0, 2)

1− 0
=

2− 0

1
= 2

f [x0, x1; y0, y1] =
f [x1; y0, y1]− f [x0; y0, y1]

x1 − x0

f [x1; y0, y1] =
f [x1; y1]− f [x1; y0]

y1 − y0
=

f(1, 3)− f(1, 2)

3− 2

=

√
6− 2

1
=

√
6− 2

f [x0, x1; y0, y1] =

√
6− 2− 0

3− 2
=

√
6− 2

N(x, y) =f [x0; y0] + f [x0; y0, y1](y − y0)

+ f [x0, x1; y0](x− x0) + f [x0, x1; y0, y1](x− x0)(y − y0)

=0 + 0(y − 2) + 2(x− 0) + (
√
6− 2)(x− 0)(y − 2)

=2x+ (
√
6− 2)x(y − 2)

N(1, 2.5) =2(1) + (
√
6− 2)1(2.5− 2)

=2.22474

f(1, 2.5) =
√
5

=2.23606
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3.6 Introduction to NURBS

Rational B-splines are among the most comprehensive and widely used tools in geometric
modeling. NURBS (Non-Uniform Rational B-Splines) allow the exact representation of all conic
sections (ellipse, parabola, hyperbola).

In this section, we �rst introduce B-splines. To do so, we begin by de�ning parametrized
curves, and then we will introduce the NURBS method.

3.6.1 Parametrization of a Curve

There are three di�erent ways to describe a curve:
1. explicit representation,

2. implicit representation,

3. parametric representation.

In the plane, the explicit equation of a curve takes the general form:

y = f(x)

In this form, there is a single value of y for each value of x. Consequently, such an equation cannot
represent a closed curve or one with multiple values.

This limitation can be overcome by using the **implicit equation**, whose general form is:

f(x, y) = 0

However, since both explicit and implicit forms depend on the coordinate axes, the chosen coordi-
nate system a�ects the appearance of the curve. For this reason, they are rarely used in geometric
modeling. Instead, the �parametric form� is preferred in geometric modeling- for this and several
other reasons.

Let us assume we have a two-dimensional curve. It can be de�ned not by a single function
y = f(x), but rather by a system of two functions:{

x = x(t)
y = y(t)

(3.6.1)

The variable t is called the parameter, and the system (3.6.1) is referred to as the parametrization
of the curve.

Remark 13 Obviously, it is not possible to plot the curve for all values of t ∈ (−∞,+∞); one
must instead choose a speci�c interval of interest.

It is very common to use the interval [0, 1], for example when parametrizing a line segment
[a, b] in R2. The parametric equation is given by

p(t) = [(1− t)xa + txb, (1− t)ya + tyb]

with

a =

(
xa

ya

)
, b =

(
xb

yb

)
.
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3.6.2 B-Splines

We now introduce simpler curves called B-splines or basis splines. These basic splines are
sometimes referred to as basis functions, weighting functions, or blending functions. B-splines are
parametric curves.

Let t be the parameter varying between 0 and L. Within the interval [0, L], we choose n + 1
values called knots, denoted t0, t1, . . . , tn, which together form the knot vector, noted as T . The
knots satisfy

ti ≤ ti+1,

which means that they are arranged in non-decreasing order, and some of them may be repeated
(double or even triple knots).

We de�ne the n functions

N0
i (t) =

{
1 if ti ≤ t < ti+1,

0 otherwise,
(3.6.2)

for i = 0, 1, . . . , n − 1. The functions N0
i (t) are the zero-degree (or piecewise constant) B-spline

basis functions. Higher-degree basis functions are de�ned recursively by:

Np
i (t) =

t− ti
ti+p − ti

Np−1
i (t) +

ti+p+1 − t

ti+p+1 − ti+1

Np−1
i+1 (t). (3.6.3)

The function Np
i (t) is de�ned only over the interval [ti, ti+p+1] and therefore spans p+2 knots.

With a total of n+ 1 knots, one can construct n− p distinct B-spline basis functions.
Example 32 Let us illustrate the construction of B-spline basis functions for the case of a
quadratic B-spline (degree p = 2). Consider the following uniform knot vector:

T = [0, 1, 2, 3, 4, 5].

We �rst compute the zero-degree basis functions using (3.6.2):

N0
i (t) =

{
1 if ti ≤ t < ti+1,

0 otherwise,
for i = 0, 1, 2, 3, 4.

Next, we compute the �rst-degree basis functions using (3.6.3):

N1
i (t) =

t− ti
ti+1 − ti

N0
i (t) +

ti+2 − t

ti+2 − ti+1

N0
i+1(t), i = 0, 1, 2, 3.

Finally, for the second-degree basis functions, we have:

N2
i (t) =

t− ti
ti+2 − ti

N1
i (t) +

ti+3 − t

ti+3 − ti+1

N1
i+1(t), i = 0, 1, 2.

Each function N2
i (t) is nonzero only within the interval [ti, ti+3] and touches exactly p+ 2 = 4

knots.
These quadratic B-spline functions are smooth and continuous, forming a local basis that can

be used to build complex curves by linear combination:

C(t) =

n−p−1∑
i=0

PiN
p
i (t),

where Pi are the control points.
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3.6.3 Non-Uniform Rational B-Splines (NURBS)

Non-Uniform Rational B-Splines (NURBS), as their name suggests, are actually a quotient of
B-spline functions. The non-uniformity comes from the fact that the knots in the vector T are
not necessarily equally spaced.

One of the main reasons for introducing NURBS is that conic sections (circles, ellipses, hy-
perbolas) cannot be represented exactly by standard B-spline functions. This limitation explains
why early computer graphics software could not easily represent a circle or a sphere.

However, it can be shown that this is possible using quotients of B-splines. NURBS are then
de�ned as follows:
De�nition 33 A NURBS of degree p is constructed by following these steps:

� Provide a knot vector T of length n+1 where the �rst and last knots have multiplicity p+1;

� Choose n− p control points Pi;

� Associate a weight wi to each control point Pi;

� De�ne the NURBS of order p by:

γ(t) =

∑n−p−1
i=0 wiN

p
i (t)Pi∑n−p−1

i=0 wiN
p
i (t)

(3.6.4)

The weights wi essentially play the opposite role of what they do in kriging. The larger the
weight wi, the closer the computed NURBS curve passes to the corresponding control point Pi.

The expression (3.6.4) can also be written in the form:

γ(t) =

n−p−1∑
i=0

Rp
i (t)Pi

where the rational functions Rp
i (t) are de�ned by:

Rp
i (t) =

wiN
p
i (t)∑n−p−1

i=0 wiN
p
i (t)

The functions Rp
i (t) act as the basis functions for the curve. However, recall that the NURBS

does not necessarily pass through all the control points.

Example 33 The curve of a full circle can be obtained by assembling two semicircle curves (p =
3). The 7 control points (n = 6) are arranged in counterclockwise order: (1, 0), (1, 2), (−1, 2),
(−1, 0), (−1,−2), (1,−2), and (1, 0). Note that the �rst and last control points are duplicated to
close the curve. The assembly occurs at the control point (0,−1).

Instead of duplicating the control point, the assembly is achieved by choosing an interior knot
of 1

2
with multiplicity 3. The knots are therefore: ti = 0 for 0 ≤ i ≤ 3, ti = 1

2
for 4 ≤ i ≤ 6, and

ti = 1 for 7 ≤ i ≤ 10. Note that the number of knots satis�es the condition n+ p+ 2 = 11.
From equation (3.6.2), we have N0

i (t) = 0 for i ∈ {0, 1, 2, 4, 5, 7, 8, 9} and ...

N0
3 (t) =


1 , 0 ≤ t <

1

2
;

0 ,
1

2
≤ t < 1
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N0
6 (t) =


0 , 0 ≤ t <

1

2
;

1 ,
1

2
≤ t < 1

For, p = 1, from equation (3.6.3), we have N1
i (t) = 0 for i ∈ {0, 1, 4, 7, 8} and

N1
2 (t) =


1− 2t , 0 ≤ t <

1

2
;

0 ,
1

2
≤ t < 1

N1
3 (t) =


2t , 0 ≤ t <

1

2
;

0 ,
1

2
≤ t < 1

N1
5 (t) =


0 , 0 ≤ t <

1

2
;

2− 2t ,
1

2
≤ t < 1

N1
6 (t) =


0 , 0 ≤ t <

1

2
;

2t− 1 ,
1

2
≤ t < 1

For, p = 2, from equation (3.6.3), we have N2
0 (t) = 0, N2

7 (t) = 0 and

N2
1 (t) =


(1− 2t)2 , 0 ≤ t <

1

2
;

0 ,
1

2
≤ t < 1

N2
2 (t) =


2(2t)(1− 2t) , 0 ≤ t <

1

2
;

0 ,
1

2
≤ t < 1

N2
3 (t) =


(2t)2 , 0 ≤ t <

1

2
;

0 ,
1

2
≤ t < 1

N2
4 (t) =


0 , 0 ≤ t <

1

2
;

(2− 2t)2 ,
1

2
≤ t < 1

N2
5 (t) =


0 , 0 ≤ t <

1

2
;

2(2t− 1)(2− 2t) ,
1

2
≤ t < 1

N2
6 (t) =


0 , 0 ≤ t <

1

2
;

(2t− 1)2 ,
1

2
≤ t < 1
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For, p = 3, from equation (3.6.3), we have

N3
0 (t) =


(1− 2t)3 , 0 ≤ t <

1

2
;

0 ,
1

2
≤ t < 1

N3
1 (t) =


3(2t)(1− 2t)2 , 0 ≤ t <

1

2
;

0 ,
1

2
≤ t < 1

N3
2 (t) =


3(2t)2(1− 2t) , 0 ≤ t <

1

2
;

0 ,
1

2
≤ t < 1

N3
3 (t) =


(2t)3 , 0 ≤ t <

1

2
;

(2− 2t)3 ,
1

2
≤ t < 1

N3
4 (t) =


0 , 0 ≤ t <

1

2
;

3(2t− 1)(2− 2t)2 ,
1

2
≤ t < 1

N3
5 (t) =


0 , 0 ≤ t <

1

2
;

3(2t− 1)2(2− 2t) ,
1

2
≤ t < 1

N3
6 (t) =


0 , 0 ≤ t <

1

2
;

(2t− 1)3 ,
1

2
≤ t < 1

Control weight t ∈ [0, 1
2
[ t ∈ [1

2
, 1[

(1, 0) 1 (1− 2t)3 0
(1, 2) 1

3
3(2t)(1− 2t)2 (2t)3

(−1, 2) 1
3

3(2t)2(1− 2u) 0
(−1, 0) 1 (2t)3 (2− 2t)3

(−1,−2) 1
3

0 3(2t− 1)(2− 2t)2

(1,−2) 1
3

0 3(2t− 1)2(2− 2t)
(1, 0) 1 0 (2t− 1)3

Table 3.1: Control points, weights, and domain intervals of the circle
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Figure 3.7

3.7 Solved exercises

Exercise 3.1 Estimate the value f(4) using interpolation by a natural cubic spline for the
function f given by the following measurement table:

xi 1 2 6 8
f(xi) 2 5 7 3

Solution
The spline is natural, so

D0 = D3 = 0

The steps (intervals) are:
h0 = 1, h1 = 4, h2 = 2

D1 and D2 are the solutions of the linear system:(5
3

2
3

2
3

2

)(
D1

D2

)
=

(−5
2

−5
2

)
The solution is:

D1 = −15

13
, D2 = −45

52

Since 4 ∈ [2, 6], we only need to compute S1:
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S1(x) =
D2

6

[
1

h1

(x− x1)
3 − h1(x− x1)

]
+
D1

6

[
1

h1

(x2 − x)3 − h1(x2 − x)

]
+

1

h1

(x−x1)f(x2)+
1

h1

(x2−x)f(x1)

S1(x) = − 45

312

[
1

4
(x− 2)3 − 4(x− 2)

]
− 15

13

[
1

4
(6− x)3 − 4(6− x)

]
+

1

4
(x− 2) · 7 + 1

4
(6− x) · 5

Hence,

f(4) ≃ S1(4) =
417

52
≈ 8.0192

Exercise 3.2 Determine the parameters a, b, c, d, and e such that S is a natural cubic spline,
where

S(x) =

{
a(x− 1)3 + b(x− 1)2 + c(x− 1) + d if 0 ≤ x ≤ 1,

(x− 1)3 + ex2 − 1 if 1 ≤ x ≤ 2.

Solution
Determine the parameters a, b, c, d, and e such that S is a natural cubic spline, where

S(x) =

{
a(x− 1)3 + b(x− 1)2 + c(x− 1) + d if 0 ≤ x ≤ 1,

(x− 1)3 + ex2 − 1 if 1 ≤ x ≤ 2.

Let S0 and S1 denote the restrictions of S to the intervals [0, 1] and [1, 2], respectively:

S0(x) = a(x− 1)3 + b(x− 1)2 + c(x− 1) + d

S1(x) = (x− 1)3 + ex2 − 1

The �rst derivatives are:

S ′
0(x) = 3a(x− 1)2 + 2b(x− 1) + c

S ′
1(x) = 3(x− 1)2 + 2ex

The second derivatives are:

S ′′
0 (x) = 6a(x− 1) + 2b

S ′′
1 (x) = 6(x− 1) + 2e

The common endpoint of the intervals is x1 = 1.
Continuity of S at x1 = 1 implies:

S0(1) = S1(1) ⇐⇒ d = e− 1

Continuity of the �rst derivative at x1 = 1 implies:
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S ′
0(1) = S ′

1(1) ⇐⇒ c = 2e

Continuity of the second derivative at x1 = 1 implies:

S ′′
0 (1) = S ′′

1 (1) ⇐⇒ b = e

Since the spline is natural, we have:

S ′′
0 (0) = 0 ⇐⇒ b = 3a

S ′′
1 (2) = 0 ⇐⇒ e = −3

Therefore, S is a natural cubic spline if and only if:

a = −1, b = −3, c = 6, d = −4, e = −3

Exercise 3.3 Obtain the linear kriging system that allows constructing a surface passing
through the following points:

Evaluate the kriging function at

(
3

2
,
3

2

)
and compare the result with the exact value

9

4
.

The given points belong to the function f(x, y) = xy. Use the function g(h) = h2 lnh.

Solution
We compute the kriging system and obtain:

A =



0 0 0 0.6931 1 1 1
0 0 0.6931 0 1 2 1
0 0.6931 0 0 1 1 2

0.6931 0 0 0 1 2 2
1 1 1 1 0 0 0
1 2 1 2 0 0 0
1 1 2 2 0 0 0





α1

α2

α3

α4

a1
a2
a3


=



1
2
2
4
0
0
0


(3.7.1)

Solving this system, we obtain:

α1 = 0.360674, α2 = −0.360674, α3 = −0.360674, α4 = 0.360674, a1 = −2.25, a2 = 1.5, a3 = 1.5

The function u is de�ned by:

u(X) = u(x, y) =
4∑

j=1

αj∥X −Xj∥22 ln ∥X −Xj∥2 + a1 + a2X
1 + a3X

2

u(X) = α1∥X −X1∥22 ln ∥X −X1∥2 + α2∥X −X2∥22 ln ∥X −X2∥2 + a1 + a2x+ a3y

Then,

u

(
3

2
,
3

2

)
=

9

4
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Exercise 3.4 Let f be the periodic function of period 2 de�ned by:{
2x− 1 x ∈ [0, 1]
−2x+ 3 x ∈ [1, 2]

(3.7.2)

Find the interpolation polynomial of f using the discrete Fourier transform. Take h =
π

2
.

Solution
Let f be the periodic function of period 2 de�ned by:

f(x) =

{
2x− 1, x ∈ [0, 1],

−2x+ 3, x ∈ [1, 2].

We make a change of variable:

t = 2π × x

2
= πx ⇒ t =

π

2
at a sample point.

g(t) = f
(π
2

)
=

{
2
π
t− 1, t ∈ [0, π],

− 2
π
t+ 3, t ∈ [π, 2π].

For n = 2, we have the following table of points:

Xi = (xi, yi) f(xi, yi)
(1, 1) 1
(2, 1) 2
(1, 2) 2
(2, 2) 4

The discrete Fourier coe�cients are:

α0 =
1

4
(−1 + 0 + 1 + 0) = 0,

α2 =
1

4
(−1 · e0 + 1 · e−2iπ) = 0,

α1 =
1

4
(−1 + 1 · e−iπ) = −1

2
,

α−1 =
1

4
(−1 + 1 · eiπ) = −1

2
.

Then the degree-2 Fourier sum is:

T2(t) = α1e
it + α−1e

−it = −1

2
(cos t+ i sin t)− 1

2
(cos(−t) + i sin(−t)).

Simplifying gives:
T2(t) = − cos t.
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Conclusion: The degree-2 trigonometric polynomial is:

T2(t) = − cos t .

Exercise 3.5 Let f be the periodic function de�ned on [0, 1] by:

f(x) = 2x(1− x)

1. By performing an appropriate change of variable, �nd the function g(t) equivalent to
f(x) de�ned on the interval [0, 2π].

2. Find the interpolation polynomial of f using the discrete Fourier transform. Take h =
π

2
with n = 2.

Solution Let f be the periodic function de�ned on [0, 1] by:

f(x) = 2x(1− x)

1. Set x =
t

2π
, which gives the function

g(t) =

(
t

2π

)(
1− t

2π

)
de�ned on [0, 2π].

We take 4 sampling points:

ti 0 π
2

π 3π
2

g(ti) −1 0 1 0

2. The trigonometric interpolating polynomial for the periodic function g(t) at the sampling
points tk, k = 0, 1, . . . , 3, is written as:

Tn(t) = α0 + αn

(
eimtk + eiltk

2

)
+

n−1∑
j=1

αje
ijt + α−je

−ijt (3.7.3)

and the coe�cients are given by:

α0 =
1

4
⟨g, 1⟩ = 1

4

3∑
k=0

g(tk) =
1

4

[
0 +

3

8
+

1

2
+

3

8

]
=

5

16

α2 =
1

4
⟨g, e2it⟩ = 1

4

3∑
k=0

g(tk)e
−2itk =

1

4

[
−3

8
+

1

2
− 3

8

]
= − 1

16

α1 =
1

4
⟨g, eit⟩ = 1

4

3∑
k=0

g(tk)e
−itk =

1

4

[
−3

8
i− 1

2
+

3

8
i

]
= −1

8

α−1 =
1

4
⟨g, e−it⟩ = 1

4

3∑
k=0

g(tk)e
itk =

1

4

[
3

8
i− 1

2
− 3

8
i

]
= −1

8
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Thus, the trigonometric polynomial is:

T2(t) =
5− cos(2t)

16
− 1

4
cos(t) + 0 · sin(t)

Exercise 3.6 Consider the �rst quadrant of a quarter circle, x2 + y2 ≤ 1 with x ≤ 0 and
y ≤ 0.

The equation x2(t) + y2(t) = 1 implies the constraint 2ω2
1 = w0w2.

Choose the weights w0 = w1 = 1 and w2 = 2, and three control points (1, 0), (1, 1), and
(0, 1). Then n = 2 and the degree is p = 2. Let the knot vector be T = [0, 0, 0, 1, 1, 1].

Find the parametric curve of the �rst quadrant of a circle using NURBS.

Solution
We are given the knots and control points:

t0 = t1 = t2 = 0, t3 = t4 = t5 = 1,

P0 = (1, 0), P1 = (1, 1), P2 = (0, 1),

degree p = 2, number of control points n = 2, and weights

ω0 = ω1 = 1, ω2 = 2.

First, we compute the zeroth-degree basis functions N0
i (t):

N0
i (t) = 0, i ∈ {0, 1, 3, 4},

N0
2 (t) =

{
1, 0 ≤ t < 1,

0, t = 1.

Next, the �rst-degree basis functions N1
i (t):

N1
i (t) = 0, i ∈ {0, 3},

N1
1 (t) =

{
1− t, 0 ≤ t < 1,

0, t = 1,
N1

2 (t) =

{
t, 0 ≤ t < 1,

0, t = 1.

Finally, the second-degree basis functions N2
i (t):

N2
0 (t) =

{
(1− t)2, 0 ≤ t < 1,

0, t = 1,
N2

1 (t) =

{
2t(1− t), 0 ≤ t < 1,

0, t = 1,

N2
2 (t) =

{
t2, 0 ≤ t < 1,

0, t = 1.

The weighted sum of the control points multiplied by the basis functions is:

2∑
i=0

ωiN
2
i (t)Pi = (1− t2, 2t),
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and the sum of the weights times the basis functions is:

2∑
i=0

ωiN
2
i (t) = 1 + t2.

Finally, the rational B-spline curve is given by:

γ(t) =

∑2
i=0 ωiN

2
i (t)Pi∑2

i=0 ωiN2
i (t)

=

(
1− t2

1 + t2
,

2t

1 + t2

)
.

Figure 3.8



Chapter 4

Numerical Di�erentiation and Integration

4.1 Introduction

This chapter addresses the problem of obtaining approximations of the various derivatives of
a function f(x), as well as of: ∫ xn

x0

f(x)dx

This is referred to as numerical di�erentiation and numerical integration. Such problems arise
when, for example, the position of a particle is known at regular time intervals and one wishes
to determine its velocity. This requires calculating the derivative of a position known only at
discrete points. Similarly, determining the particle's acceleration requires calculating the second
derivative.

Conversely, if the velocity of a particle is known at certain time intervals, the distance traveled
is obtained by integrating the velocity over the interval [x0, xn].

4.2 Numerical Di�erentiation

Consider a function f de�ned by a formula or an algorithm, di�erentiable on an interval. This
function may be too complicated for analytical di�erentiation to be practical, yet the numerical
value of f ′ is desired. There are two main numerical approaches for this: one uses Taylor series
expansions, and the other uses interpolation formulas.

Taylor Series Formula: Let f(x) be a function with (n + 1) continuous derivatives on the
interval [a, b], and let x and x̄ be two points in this interval. Then:

f(x) = pn(x) +Rn+1(x)

where:

pn(x) = f(x̄) +
f ′(x̄)

1!
(x− x̄) + . . .+

f (n)(x̄)

n!
(x− x̄)n

Rn+1(x) =
f (n+1)(ξ)

(n+ 1)!
(x− x̄)n+1, x̄ < ξ < x

87
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4.2.1 First-Order Derivatives

4.2.1.1 Using the Taylor Series Formula:
1. Backward Finite Di�erence:

Similarly, we de�ne the �rst-order derivative of f as:

f ′
g(x̄) ≃

f(x̄)− f(x̄− h)

h
(4.2.1)

Indeed, if f ∈ C2(]a, b[) and using the Taylor series expansion around x̄, we obtain:

f(x) = f(x̄) + f ′(x̄)(x− x̄) +
f ′′(ξ2)

2
(x− x̄)2, ξ2 ∈]x, x̄[ (4.2.2)

Setting x = x̄− h, then −h = x− x̄, substituting into (4.2.2), we get:

f(x̄− h) = f(x̄)− hf ′(x̄) +
h2

2
f ′′(ξ2), ξ2 ∈]x̄− h, x̄[ (4.2.3)

hence:

f ′(x̄) =
f(x̄)− f(x̄− h)

h
− h

2
f ′′(ξ2), ξ2 ∈]x̄− h, x̄[ (4.2.4)

thus:

f ′
g(x̄) ≃

f(x̄)− f(x̄− h)

h
(4.2.5)

with the error term o(h) being:
h

2
f ′′(ξ2)

2. Forward Finite Di�erence:
To approximate the �rst derivative of f at a point x̄ in ]a, b[. For a su�ciently small positive
h, the simplest approach is:

f ′(x̄) ≃ f(x̄+ h)− f(x̄)

h
(4.2.6)

Indeed, if f ∈ C2(]a, b[) and using the Taylor series expansion around x̄, we obtain:

f(x) = f(x̄) + f ′(x̄)(x− x̄) +
f ′′(ξ)

2
(x− x̄)2, ξ ∈]x, x̄[ (4.2.7)

Setting x = x̄+ h, then h = x− x̄, substituting into (4.2.7), we get:

f(x̄+ h) = f(x̄) + hf ′(x̄) +
h2

2
f ′′(ξ1), ξ1 ∈]x̄, x̄+ h[ (4.2.8)

hence:

f ′(x̄) =
f(x̄+ h)− f(x̄)

h
− h

2
f ′′(ξ1), ξ1 ∈]x̄, x̄+ h[ (4.2.9)

thus:

f ′
d(x̄) ≃

f(x̄+ h)− f(x̄)

h
(4.2.10)

with the error term o(h) being:
h

2
f ′′(ξ1)
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3. Centered Finite Di�erence:

f ′
c(x̄) ≃

f(x̄+ h)− f(x̄− h)

2h
(4.2.11)

Indeed, if f ∈ C3(]a, b[) and using the Taylor series expansion around x̄ for both f(x̄ + h)
and f(x̄− h), we obtain:

f(x̄+ h) = f(x̄) + hf ′(x̄) +
h2

2
f ′′(x̄) +

h3

6
f (3)(ξ3), ξ3 ∈]x̄, x̄+ h[ (4.2.12)

f(x̄− h) = f(x̄)− hf ′(x̄) +
h2

2
f ′′(x̄)− h3

6
f (3)(ξ4), ξ4 ∈]x̄− h, x̄[ (4.2.13)

Subtracting (4.2.13) from (4.2.12), we obtain:

f ′(x̄) =
f(x̄+ h)− f(x̄− h)

2h
− h2

12

[
f (3)(ξ3)− f (3)(ξ4)

]
(4.2.14)

Hence the second-order centered formula with an error of o(h2):

f ′
c(x̄) ≃

f(x̄+ h)− f(x̄− h)

2h
(4.2.15)

4.2.1.2 Using Interpolation Formulas:

The Newton formula is written as:

f(x) = f(x0)+f [x0, x1](x−x0)+f [x0, x1, x2](x−x0)(x−x1)+. . .+f [x0, x1, . . . , xn](x−x0) . . . (x−xn−1)

+
f (n+1)(ξ)

(n+ 1)!

n∏
i=0

(x− xi), ξ ∈]x0, xn[

Setting wn(x) =
∏n

i=0(x− xi). Di�erentiating:

f ′(x) = f [x0, x1]w
′
0(x)+. . .+f [x0, x1, . . . , xn]w

′
n−1(x)+

f (n+1)(ξ)

(n+ 1)!
w′

n(x)+
f (n+2)(ξ)

(n+ 1)!
wn(x), ξ ∈]x0, xn[

1. Forward Finite Di�erence:
For n = 1, we have:

f ′(x) =
f(x1)− f(x0)

h
+

f (2)(ξ)

2
[x− x0 + x− x1] +

f (3)(ξ)

2
(x− x0)(x− x1), ξ ∈]x0, x1[

with h = x1 − x0. If x = x0, we obtain:

f ′(x) =
f(x0 + h)− f(x0)

h
+

h

2
f (2)(ξ), ξ ∈]x0, x1[

Thus the forward derivative of f at point x0 is:

f ′(x0) ≃
f(x0 + h)− f(x0)

h



CHAPTER 4. NUMERICAL DIFFERENTIATION AND INTEGRATION 90

For n = 2, if we take x = x0, x1 = x+ h and x2 = x+ 2h, we have:

f ′(x) =
4f(x+ h)− 3f(x)− f(x+ 2h)

2h
+

h2

3
f (3)(ξ), ξ ∈]x, x+ 2h[

Hence the second-order forward derivative is:

f ′(x) ≃ 4f(x+ h)− 3f(x)− f(x+ 2h)

2h

2. Backward Finite Di�erence:
Using the backward Newton formula, we obtain:

f ′(x0) =
f(x0)− f(x0 − h)

h
+

f (2)(ξ)

2
h, ξ ∈]x0 − h, x0[

Thus the backward derivative of f at point x0 is:

f ′(x0) ≃
f(x0)− f(x0 − h)

h

For n = 2, taking x = x2, x1 = x−h and x0 = x−2h, we have: The second-order backward
derivative formula is:

f ′(x) =
3f(x)− 4f(x− h) + f(x− 2h)

2h
− h2

3
f (3)(ξ), ξ ∈]x− 2h, x[

hence:

f ′(x) ≃ 3f(x)− 4f(x− h) + f(x− 2h)

2h

3. Centered Finite Di�erence:

Now, choosing x =
x0 + x1

2
and taking x1 − x0 = 2h, we obtain:

f ′(x) =
f(x+ h)− f(x− h)

2h
− h2

6
f (3)(ξ), ξ ∈]x0, x1[

Thus the second-order centered derivative of f is:

f ′(x) ≃ f(x+ h)− f(x− h)

2h

For n = 2, taking x = x1, x0 = x− h and x2 = x+ h, we have:

f ′(x) =
f(x+ h)− f(x− h)

2h
− h2

6
f (3)(ξ), ξ ∈]x− h, x+ h[

hence the second-order centered derivative is:

f ′(x) ≃ f(x+ h)− f(x− h)

2h
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4.2.2 Second-Order Derivatives

4.2.2.1 Using the Taylor Series Formula:

If f ∈ C4(]a, b[), we have:

f(x̄+ h) = f(x̄) + hf ′(x̄) +
h2

2
f ′′(x̄) +

h3

6
f (3)(x̄) +

h4

24
f (4)(ξ1), ξ1 ∈]x̄, x̄+ h[

and

f(x̄− h) = f(x̄)− hf ′(x̄) +
h2

2
f ′′(x̄)− h3

6
f (3)(x̄) +

h4

24
f (4)(ξ2), ξ2 ∈]x̄− h, x̄[

Therefore:

f(x̄+ h) + f(x̄− h) = 2f(x̄) + h2f ′′(x̄) +
h4

24

[
f (4)(ξ1) + f (4)(ξ2)

]
for ξ1 ∈]x̄, x̄+ h[, ξ2 ∈]x̄− h, x̄[, thus:

f ′′(x̄) =
f(x̄+ h)− 2f(x̄) + f(x̄− h)

h2
− h2

24

[
f (4)(ξ1) + f (4)(ξ2)

]
then:

f ′′(x̄) =
f(x̄+ h)− 2f(x̄) + f(x̄− h)

h2
− h2

12
f (4)(ξ)

with ξ ∈]x̄− h, x̄+ h[. Hence the second-order centered formula for the second derivative of f is:

f ′′
c (x̄) ≃

f(x̄+ h)− 2f(x̄) + f(x̄− h)

h2

4.2.2.2 Using Interpolation Formulas:

By the same principle, for the second derivative we generally choose to interpolate over three
points, which gives (in the case of equally spaced points):

f(x) = f(x0) + f [x0, x1](x− x0) + f [x0, x1, x2](x− x0)(x− x1) +
f (3)(ξ)

6

2∏
i=0

(x− xi), ξ ∈]x0, x2[

Then:

f ′(x) = f [x0, x1] + f [x0, x1, x2](2x− x1 − x0) +
f (4)(ξ)

6

2∏
i=0

(x− xi)

+
f (3)(ξ)

6
[(2x− x1 − x0)(x− x2) + (x− x0)(x− x1)] , ξ ∈]x0, x2[

Thus:

f ′′(x) = 2f [x0, x1, x2] +
f (4)(ξ)

3
[(2x− x1 − x0)(x− x2) + (x− x0)(x− x1)]

+
f (3)(ξ)

3
[2(x− x2) + (2x− x0 − x1)] +

f (5)(ξ)

6
w2(x)

If x = x0, x1 = x+ h and x2 = x+ 2h, we have:

f ′′(x) =
f(x+ 2h)− 2f(x+ h) + f(x)

h2
− 2h2

3
f (4)(ξ)− h

3
f (3)(ξ), ξ ∈]x, x+ 2h[
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hence:

f ′′(x) ≃ f(x+ 2h)− 2f(x+ h) + f(x)

h2

4.2.3 Error

4.2.3.1 First Order Derivative

Theorem 9 Let f : R → R be a C2 function, x0 ∈ R and h > 0. Then

Ed = |f ′(x0)− f ′
d(x0)| ≤

h

2
max

x∈[x0,x0+h]
|f ′′(x)|

Theorem 10 Let f : R → R be a C2 function, x0 ∈ R and h > 0. Then

Eg =
∣∣f ′(x0)− f ′

g(x0)
∣∣ ≤ h

2
max

x∈[x0−h,x0]
|f ′′(x)|

Theorem 11 Let f : R → R be a C3 function, x0 ∈ R and h > 0. Then

Ec = |f ′(x0)− f ′
c(x0)| ≤

h2

24
max

x∈[x0−h
2
,x0+

h
2
]

∣∣f (3)(x)
∣∣

4.2.3.2 Second Derivative

Let f : R → R be a C4 function, x0 ∈ R and h > 0. Then

Ec = |f ′′(x0)− f ′′
c (x0)| ≤

h2

24
max

x∈[x0−h,x0+h]

∣∣f (4)(x)
∣∣

Example 34 Consider the second-order centered di�erences for computing the �rst and second
derivatives of the function f(x) = ex at x = 0. These two computations, which should normally
yield 1, allow us to appreciate the precision of the results. The following table gathers the results
in single precision, which corresponds roughly to working with a mantissa of 7 decimal digits.

h f ′
c(x̄) ≃

f(x̄+ h)− f(x̄− h)

2h
f ′′
c (x̄) ≃

f(x̄+ h)− 2f(x̄) + f(x̄− h)

h2

10−1 1.175201178 1.086161137
10−2 1.001667619 1.000839472
10−3 1.000016928 1.000165939
10−4 1.000017047 1.013279080
10−5 1.000166059 0.000000000
10−6 1.001358151 0.000000000
10−7 0.983476758 −59604.6601

Table 4.1: Numerical instability (single precision)
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The value of h is successively reduced by a factor of 10 starting from h = 0.1. It is observed
that, as h decreases, the accuracy of the derivatives initially increases, then suddenly degrades for
smaller values of h. This is particularly evident for the second derivative. If we switch to double
precision (equivalent to about 15 decimal digits in the mantissa), a similar behavior is observed,
but it occurs at smaller values of h.

h f ′
c(x̄) ≃

f(x̄+ h)− f(x̄− h)

2h
f ′′
c (x̄) ≃

f(x̄+ h)− 2f(x̄) + f(x̄− h)

h2

10−2 1, 00001666674999212 1, 00000833336055805
10−3 1, 00000016666668134 1, 00000008340650481
10−4 1, 00000000166688974 1, 00000000502475928
10−5 1, 00000000001210232 0, 99999897251734626
10−6 0, 99999999997324440 0, 99997787827987816
10−7 0, 99999999947364393 0, 99920072216264044
10−8 0, 99999999392252880 0, 00000000000000000
10−9 1, 00000002722921955 111, 022302462515597
10−10 1, 00000008274037078 0, 00000000000000000
10−11 1, 00000008274037078 0, 00000000000000000
10−12 0, 99975583367495335 0, 000000000
10−13 0, 99975583367495335 −11102230246, 251562
10−15 1, 05471187339389871 111022302462515, 641
10−17 0, 00000000000000000 0, 00000000000000000

Table 4.2: Instabilité numérique (double précision)

Lorsque h est trop petit, l'élimination par soustraction des chi�res signi�catifs a un impact
dévastateur sur la précision des résultats. Il est donc recommandé d'être trés prudent dans le
choix de h et d'éviter des valeurs trop petites.

4.3 Richardson Extrapolation

The Richardson extrapolation method is valid not only for numerical di�erentiation and integra-
tion, but also for interpolation, numerical solution of di�erential equations, etc. This technique
allows increasing the accuracy of an approximation method through an extrapolation technique
that we describe in this section.

Let us start with a numerical approximation, denoted Qapp(h), of some unknown exact quan-
tity Qexa. The numerical approximation depends on a parameter h, as is often the case. Generally,
the smaller h is, the more accurate the approximation. Furthermore, we assume that this approx-
imation is of order n, that is:

Qexa = Qapp(h) +O(hn)

The notation O(hn) actually means that we have:

Qexa = Qapp(h) + cnh
n + cn+1h

n+1 + cn+2h
n+2 + · · · (4.3.1)

where the constants cn depend on the numerical method used. The Richardson extrapolation
technique consists of obtaining, from the approximation (4.3.1) of order n, a new approximation
of order at least (n+ 1).
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To do this, it su�ces to replace h by
h

2
in equation (4.3.1), which leads to the relation:

Qexa = Qapp

(
h

2

)
+ cn

(
h

2

)n

+ cn+1

(
h

2

)n+1

+ cn+2

(
h

2

)n+2

+ · · · (4.3.2)

The approximation Qapp

(
h
2

)
is more accurate than Qapp (h). However, we can use these two

approximations to obtain a new one, even more accurate. The idea is to combine relations (4.3.1)
and (4.3.2) in such a way that the term of order n (cnh

n) disappears. This is possible if we multiply
equation (4.3.2) by 2n to obtain:

2nQexa = 2nQapp

(
h

2

)
+ cnh

n + cn+1

(
hn+1

2

)
+ cn+2

(
hn+2

22

)
+ · · ·

Subtracting relation (4.3.1) from this last one yields:

(2n − 1)Qexa = 2nQapp

(
h

2

)
−Qapp(h)−

1

2
cn+1h

n+1 − 3

4
cn+2h

n+2 + · · ·

from which

Qexa =
2nQapp

(
h
2

)
−Qapp(h)

(2n − 1)
+

−1
2
cn+1h

n+1 − 3
4
cn+2h

n+2 + · · ·
(2n − 1)

(4.3.3)

which can be written more simply:

Qexa =
2nQapp

(
h
2

)
−Qapp(h)

(2n − 1)
+O(hn+1)

The expression on the right is therefore an approximation of order at least (n + 1) of Qexa.
Richardson extrapolation thus allows gaining at least one order of convergence. In fact, one can
gain more if, for example, we have cn+1 = 0 from the start. In this case, the new approximation
is of order (n+2). This situation occurs frequently, particularly with centered di�erences and the
trapezoidal integration method that we will see later.
Example 35 We saw that using a �rst-order forward di�erence to compute the derivative of ex

at x = 0 gives:

f ′(0) ≃ e0+h − e0

h
=

e0.1 − 1

0.1
= 1.05170918 = Qapp(0.1)

for h = 0.1

f ′(0) ≃ e0.05 − 1

0.05
= 1.0254219 = Qapp(0.05)

for h = 0.05
We can now perform the calculation using equation (4.3.3) with n = 1, obtaining:

f ′(0) ≃ 21Qapp (0.05)−Qapp(0.1)

(21 − 1)
= (2)(1.0254219)− 1.05170918 = 0.99913462

which is an order 2 approximation and therefore more accurate for f ′(0). Similarly, if we use a
second-order centered di�erence, we obtain for h = 0.05:

f ′(0) ≃ e0.05 − e−0.05

2(0.05)
= 1.0004167
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and with h = 0.025, we have:

f ′(0) ≃ e0.025 − e−0.025

2(0.025)
= 1.00010418

In this case, Richardson extrapolation allows gaining 2 orders of precision since only even powers
of h appear in the error term. More precisely, we have:

f(x+ h)− f(x− h)

2h
= f ′(x) +

f ′′′(x)h2

3!
+

f (5)(x)h4

5!
+O(h6)

The centered di�erence being of order 2, Richardson extrapolation with n = 2 gives:

f ′(0) ≃ 22Qapp (0.025)−Qapp(0.05)

(22 − 1)
=

4(1.00010418)− 1.0004167

3
= 1.000000007

which is an order 4 approximation of the exact solution.

Remark 14 From the previous examples, we conclude that it is better to avoid using very small
values of h to compute a derivative using a �nite di�erence formula. It is indeed preferable to
choose a value of h that is not too small and to perform Richardson extrapolations.

4.4 Numerical Integration

Numerical integration is primarily based on the relation:∫ xn

x0

f(x)dx =

∫ xn

x0

Pn(x)dx+

∫ xn

x0

En(x)dx (4.4.1)

where Pn(x) is an interpolation polynomial and En(x) is the associated error. By varying the
value of n, we obtain the Newton-Cotes formulas. In principle, the higher n is, the greater the
precision of the computed integral value. However, in practice, values of n greater than 4 are
rarely used.

Furthermore, Richardson extrapolation, judiciously combined with one of the Newton-Cotes
formulas, leads to the Romberg method, one of the most precise numerical integration techniques.

4.4.1 Composite Trapezoidal Method

The principle of this method is to decompose the integration interval [a, b] into n subintervals
of length:

h =
b− a

n

The generated points are denoted xi for i = 0, 1, 2, · · · , n. The values at the endpoints are a = x0

and b = xn. In each subinterval [xi, xi+1], we can use the trapezoidal method. We then have:∫ b

a

f(x)dx =
n−1∑
i=0

∫ xi+1

xi

f(x)dx ≃
n−1∑
i=0

h

2
[f(xi) + f(xi+1)] =

h

2

[
f(x0) + 2

n−1∑
i=1

f(xi) + f(xn)

]

which is the composite trapezoidal formula.
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In each of the n subintervals [xi, xi+1], we commit an error related to the trapezoidal method.
Since:

h =
b− a

n
and therefore n =

b− a

h

The total error committed is:

n

(
−f ′′(ξi)

12
h3

)
= −

(
b− a

h

)
f ′′(ξ)

12
h3 = −b− a

12
f ′′(ξ)h2 for ξ ∈ [a, b]

The composite trapezoidal method is of order 2.

Figure 4.1: Composite trapezoidal method

Example 36 We want to compute the integral

I =

∫ π
2

0

sin(x)dx

Using 4 intervals of length

h =
π
2
− 0

4
=

π

8

I =

π

8
2

(
sin(0) + 2

[
sin
(π
8

)
+ sin

(π
4

)
+ sin

(
3π

8

)]
+ sin

(π
2

))
= 0.9871158

which gives an absolute error of about 0.01288 compared to the exact solution.
It is interesting to repeat this calculation with 8 intervals. The value of h is now

π

16
and we

have:

I =

π

16
2

(
sin(0) + 2

[
sin
( π

16

)
+ sin

(π
8

)
+ sin

(
3π

16

)
+ sin

(π
4

)
+ sin

(
5π

16

)
+ sin

(
3π

8

)
+ sin

(
7π

16

)]
+ sin

(π
2

))
= 0.9967852
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The absolute error has been reduced to 0.0032. This absolute error is about 4 times smaller
than the error obtained with 4 intervals, which con�rms that this method is of order 2.

Figure 4.2: Composite trapezoidal method, f(x) = sin(x) (a) 4 intervals - b) 8 intervals)

4.4.2 Romberg Method

The Romberg method is an integration method that allows achieving very precise results. It is
based on a very clever use of the composite trapezoidal method (of order 2) and the Richardson
extrapolation technique (4.3.3). Indeed, under su�cient regularity assumptions of the function
f(x), it can be shown that the error term of the composite trapezoidal method is written as:

−(b− a)

12
f ′′(ξ)h2 = c2h

2 + c4h
4 + c6h

6 + · · ·

where the ci are constants. The additional information we gain from this relation is that only
even-order terms are present. The absence of odd powers of h allows, from the perspective of
Richardson extrapolation, to gain two orders of convergence with each extrapolation. Moreover,
the extrapolated values, which are of order 4, can in turn be extrapolated to reach order 6, and so
on. This systematic use of Richardson extrapolation allows successively obtaining approximations
of: ∫ b

a

f(x)dx

of order 2, 4, 6, 8 and higher. In practice, this generally yields extremely precise results.
First, let us introduce some notations. We denote T1,i as the result obtained using the composite

trapezoidal method with 2i−1 intervals. The T1,i are order 2 approximations. To go from T1,i to
T1,i+1, we must double the number of subintervals, which amounts to dividing the value of h by
two. Using Richardson extrapolation (4.3.3) with n = 2, we then de�ne:

T2,i =
4T1,i+1 − T1,i

4− 1

and the T2,i are order 4 approximations. We then successively de�ne:

T3,i =
42T2,i+1 − T2,i

42 − 1

T4,i =
43T3,i+1 − T3,i

43 − 1
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and so on, thus the Romberg algorithm becomes:

Tk,i =
4k−1Tk−1,i+1 − Tk−1,i

4k−1 − 1

This de�nes a triangular table of the form:

Figure 4.3: Romberg method

Example 37 We have already obtained, in previous calculations, the values T1,3 = 0.9871158
and T1,4 = 0.9967852 corresponding to the composite trapezoidal formula with 4 and 8 intervals
respectively to evaluate: ∫ π

2

0

sin(x)dx

It is then possible to �ll the �rst row of the table by calculating:

T1,1 =
π
2

2

(
sin(0) + sin

(π
2

))
=

π

4
= 0.785398164

T1,2 =
π
4

2

(
sin(0) + 2 sin

(π
4

)
+ sin

(π
2

))
= 0.9480594

which is of order 2. Now calculating the second row which is of order 4 by performing the di�erent
Richardson extrapolations:

T2,1 =
4(0.9480594)− 0.785398164

4− 1
= 1.0022799

T2,2 =
4(0.9871158)− 0.9480594

4− 1
= 1.0001346

T2,3 =
4(0.9967852)− 0.9871158

4− 1
= 1.0000083

Now calculating the third row which is of order 6:

T3,1 =
42(1.0001346)− 1.0022799

42 − 1
= 0.9999916
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T3,2 =
42(1.0000083)− 1.0001346

42 − 1
= 0.9999999

Then �nally the last row:

T4,1 =
43(0.9999999)− 0.9999916

43 − 1
= 1.0000000

The results are summarized in the following table:

Figure 4.4: Romberg integration results for
∫ π

2

0
sin(x)dx

Remark 15 We note that the precision increases as we move downward (because the order of the
approximation increases) and to the right on the same row (because h is divided by 2 between each
value).

4.5 Solved exercises

Exercise 4.1 Given the following table of values for a function f(x)

x 2.7 2.9 3 3.025 3.1 3.2
f(x) 10.27209350 10.18854349 10.15883743 10.15270853 10.13747096 10.12453927

Knowing that f ′(3) = −0.255605459076443, compare the accuracy of the di�erent order 2
formulas that you can use from this data.

Solution
1. We want to compute the approximate value of f ′(3) using numerical di�erentiation methods.

Since the abscissas are not equally spaced, there are only two possibilities:
Second-order right di�erence formula:

f ′
d(x) ≃

4f(x+ h)− 3f(x)− f(x+ 2h)

2h
=

4f(3.1)− 3f(3)− f(3.2)

2× 0.1
= −0.2558386

Second-order centered di�erence formula:

f ′
c(x) ≃

f(x+ h)− f(x− h)

2h
=

f(3.1)− f(2.9)

2× 0.1
= −0.25536265
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2. The exact value is given by: f ′(3) = −0.255605459076443. To compare the results of the
two formulas, we calculate the absolute error:

|f ′(3)− f ′
d(3)| ≤ 2.33× 10−4

|f ′(3)− f ′
c(3)| ≤ 2.42× 10−4

We observe that there is a slight di�erence between the errors of the two methods, but the
right di�erence formula gives a more accurate result than the centered one.

Exercise 4.2 Consider a cylindrical tank with a circular base of radius R = 1 m, �lled with
water, and having a drainage hole of radius r = 0.1 m at its base. We measure the water
height q(t) in the tank every 5 seconds (t denotes time).

t (s) 0 5 10 15 20
q(t) (m) 0.6350 0.5336 0.4410 0.3572 0.2822

Calculate the approximation of the drainage velocity q′(t) using the three methods and
compare it with that predicted by Torricelli's law:

q′(t) = −γ
( r

R

)2√
2gq(t)

where g is the gravitational acceleration and γ = 0.6 is a correction coe�cient.

Solution
Solving the problem using the right, left, and centered di�erence formulas with h = 5 to

approximate q′(t). We obtain the following results:

t 0 5 10 15 20
Exact q′(t) −0.0212 −0.0194 −0.0176 −0.0159 −0.0159

Right di�erence q′d(t) −0.0203 −0.0185 −0.0168 −0.0150 �
Left di�erence q′g(t) � −0.0203 −0.0185 −0.0168 −0.0150

Centered di�erence q′c(t) � −0.0194 −0.0176 −0.0159 �

By comparing the values of the exact derivative and those obtained with the �nite di�erence
formulas (for h = 5), we observe that the centered di�erence formula gives better results than the
other formulas.

Exercise 4.3 Let f(x) be a function known only for a few values of x.

xi 0 0.25 0.50 0.75 1
f(xi) 0.3989 0.3867 0.3521 0.3011 0.2420
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We want to compute ∫ 1

0

f(x)dx

using the Romberg method.

Solution
To compute the T1,i we use the composite trapezoidal method.
For h = 1:

T1,1 =
1

2
[f(0) + f(1)] =

1

2
[0.3989 + 0.2420] = 0.32045

For h = 0.5:

T1,2 =
0.5

2
[f(0) + f(1) + 2f(0.5)] = 0.25[0.3989+0.2420+2× 0.3521] = 0.25× 1.3451 = 0.336275

For h = 0.25:

T1,3 =
0.25

2
[f(0) + f(1) + 2(f(0.25) + f(0.5) + f(0.75))] = 0.125[0.3989+0.2420+2(0.3867+0.3521+0.3011)] = 0.125×2.7207 = 0.3400875

Then we use the Romberg method:

T2,1 =
4T1,2 − T1,1

3
=

4× 0.336275− 0.32045

3
=

1.3451− 0.32045

3
=

1.02465

3
= 0.34155

T2,2 =
4T1,3 − T1,2

3
=

4× 0.3400875− 0.336275

3
=

1.36035− 0.336275

3
=

1.024075

3
= 0.3413583

T3,1 =
16T2,2 − T2,1

15
=

16× 0.3413583− 0.34155

15
=

5.4617328− 0.34155

15
=

5.1201828

15
= 0.34134552

Therefore: ∫ 1

0

f(x)dx ≃ 0.34134552

Exercise 4.4 Consider ∫ 1

0

dx

x+ 1

1. Give the exact value of this integral.

2. Compute the values of T1,i until:

|T1,i+1 − T1,i|
|T1,i+1|

< 0.005

3. From the results obtained in part 2), determine the value of the integral using the
Romberg method.
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Solution
We want to compute

I =

∫ 1

0

dx

x+ 1

(a) The exact value of I is ln(2).

(b) Let us compute the approximate value of I using the Romberg method such that

|T1,i+1 − T1,i|
|T1,i+1|

< 0.005

To compute the T1,i we use the composite trapezoidal method.

For h = 1:

T1,1 =
1

2
[f(0) + f(1)] = 0.75

For h = 0.5:

T1,2 =
0.5

2
[f(0) + f(1) + 2f(0.5)] = 0.70833333

For h = 0.25:

T1,3 =
0.25

2
[f(0) + f(1) + 2f(0.25) + 2f(0.5) + 2f(0.75)] = 0.69702380

For h = 0.125:

T1,4 =
0.125

2
[f(0) + f(1) + 2f(0.125) + 2f(0.25) + 2f(0.375) + 2f(0.5) + 2f(0.625) + 2f(0.75) + 2f(0.875)] = 0.69412185

We have
|T1,4 − T1,3|

|T1,4|
= 0.0041 < 0.005

(c) Let us use the previous results to compute I:

T2,1 =
4T1,2 − T1,1

3
= 0.69444444

T2,2 =
4T1,3 − T1,2

3
= 0.69325396

T2,3 =
4T1,4 − T1,3

3
= 0.69315453

T3,1 =
16T2,2 − T2,1

15
= 0.69317460

T3,2 =
16T2,3 − T2,2

15
= 0.69314790

T4,1 =
64T3,2 − T3,1

63
= 0.69314718
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Exercise 4.5 A car traveling at 60 km/h accelerates at time t = 0 s and its speed in km/h is
measured regularly as shown in the following table:

t (s) 0 0.5 1 1.5 2
v (km/h) 60 68.4 75.5 82.2 80.4

1. Give an approximation of the acceleration γ (m/s2) at t = 1 s using the centered di�er-
ence method.

2. Estimate the distance traveled in the interval [0, 2] using the Romberg method (Hint:
integrate the velocity).

3. Specify the order of this approximation.

Solution

1. Using the centered di�erence formula:

f ′(x) =
f(x+ h)− f(x− h)

2h

For h = 0.5:

First, convert speeds from km/h to m/s: multiply by 1000
3600

= 5
18

v′(1) = a ≃ v(1.5)− v(0.5)

2× 0.5
=

82.2− 68.4

1
= 13.8 km/h/s

Convert to m/s2: 13.8× 5
18

= 3.833 m/s2

2. To calculate the T1,i, we use the composite trapezoidal formula.

First, convert all speeds to m/s:

� v(0) = 60× 5
18

= 16.667 m/s

� v(0.5) = 68.4× 5
18

= 19.000 m/s

� v(1) = 75.5× 5
18

= 20.972 m/s

� v(1.5) = 82.2× 5
18

= 22.833 m/s

� v(2) = 80.4× 5
18

= 22.333 m/s

For h = 2 (1 interval):

T1,1 =
2

2
[v(0) + v(2)] = 16.667 + 22.333 = 39.000 m

For h = 1 (2 intervals):

T1,2 =
1

2
[v(0) + 2v(1) + v(2)] =

1

2
[16.667 + 2(20.972) + 22.333] = 40.472 m
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For h = 0.5 (4 intervals):

T1,3 =
0.5

2
[v(0) + 2(v(0.5) + v(1) + v(1.5)) + v(2)] = 41.153 m

The method is of order 2.

To calculate the T2,i, we use the Romberg method. The Romberg algorithm is de�ned by:

Tk,i =
4k−1Tk−1,i+1 − Tk−1,i

4k−1 − 1

T2,1 =
4× 40.472− 39.000

4− 1
= 40.963 m

T2,2 =
4× 41.153− 40.472

4− 1
= 41.380 m

The method is of order 4.

T3,1 =
42 × 41.380− 40.963

42 − 1
= 41.407 m

Therefore, the distance traveled is:

d = 41.407 m

The method is of order 6.



Chapter 5

Di�erential equations

5.1 System of Di�erential Equations

A system of di�erential equations is a set of two or more ordinary di�erential equations (ODEs)
in which several dependent variables are functions of a single independent variable (usually time)
and are interrelated through their derivatives.

In contrast to a single di�erential equation involving one function y(x), a system involves
several functions y1(x), y2(x), . . . , yn(x) whose rates of change depend not only on themselves but
also on each other.

A general �rst-order system of ordinary di�erential equations can be written as:

dy1
dx

= f1(x, y1, y2, . . . , yn),

dy2
dx

= f2(x, y1, y2, . . . , yn),

...
dyn
dx

= fn(x, y1, y2, . . . , yn),

or, in compact matrix-vector form:

dy

dx
= f(x,y),

where

y(x) =


y1(x)
y2(x)
...

yn(x)

 and f(x,y) =


f1(x,y)
f2(x,y)

...
fn(x)

 .

Such systems naturally arise in modeling complex physical, chemical, and biological processes
where multiple quantities evolve simultaneously and in�uence one another.

Typical examples include:
� electrical circuits (currents and voltages coupled through Kirchho�'s laws),

� mechanical systems with multiple interacting masses and springs,

� chemical reaction kinetics,

105
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� population dynamics in ecology,

� coupled thermal or �uid processes.

Since analytical solutions rarely exist for nonlinear systems, numerical methods such as the
Runge-Kutta family or multistep techniques are often used to approximate the behavior of these
systems with high accuracy.

5.1.1 Euler's method

Leonhard Euler's method (1707 − 1783) is a �rst-order single-step method. It consists of

replacing the derivation operator
d

dx
by the discrete scheme

(
yi+1 − yi

h

)
in our problem and we

obtain the following schema:{
xi+1 = xi + h
yi+1 = yi + hf(xi, yi), 0 ≤ i ≤ n− 1

(5.1.1)

In practice, Euler's method is not used, as it does not o�er su�cient accuracy. This method is
convergent and �rst-order, as the consistency error is

|y(xi)− yi| =
1

2
h2f ′(c, yi), c ∈ [xi−1, xi]

Example 38 Solve the initial value problem (IVP) using Euler's method:

dy

dt
= y − t2 + 1, y(0) = 0.5

Approximate the solution on the interval [0, 2] with step size h = 0.5.
The iterative formula for Euler's method is:

yn+1 = yn + h · f(tn, yn)

where f(t, y) = y − t2 + 1, t0 = 0, y0 = 0.5, and h = 0.5.

1. Step 1: t0 = 0, y0 = 0.5
f(t0, y0) = 0.5− 02 + 1 = 1.5
y1 = y0 + h · f(t0, y0) = 0.5 + 0.5 · 1.5 = 1.25

2. Step 2: t1 = 0.5, y1 = 1.25
f(t1, y1) = 1.25− (0.5)2 + 1 = 2.0
y2 = 1.25 + 0.5 · 2.0 = 2.25

3. Step 3: t2 = 1.0, y2 = 2.25
f(t2, y2) = 2.25− 12 + 1 = 2.25
y3 = 2.25 + 0.5 · 2.25 = 3.375

4. Step 4: t3 = 1.5, y3 = 3.375
f(t3, y3) = 3.375− (1.5)2 + 1 = 2.125
y4 = 3.375 + 0.5 · 2.125 = 4.4375
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Results

n tn yn
0 0.0 0.5
1 0.5 1.25
2 1.0 2.25
3 1.5 3.375
4 2.0 4.4375

The approximate solution at t = 2 is y(2) ≈ 4.4375. Euler's method progresses by following
the tangent line at each point, with the step size h controlling the accuracy.

5.1.2 Method of Runge Kutta

Carl Runge (1856− 1927) and Martin Kutta (1867− 1944) proposed in 1895 to solve the Cauchy
problem (5.1.1), the numerical scheme becomes:{

xi+1 = xi + hi

yi+1 = yi + hϕ(xi, yi, hi)
(5.1.2)

where the increment function ϕ is an approximation of the function f(x, y) on the interval [xi, xi+1].

Runge Kutta of order 2

Let's go back to Cauchy's problem Integrating the two sides over the interval [xi, xi+1], we
obtain

yi+1 − yi =

∫ xi+1

xi

f(x, y(t))dt (5.1.3)

Instead of approximating y′ using approximate derivation formulae, we can approximate the
integral in (5.1.3) using a numerical quadrature formula. For example, the trapezoid formula gives
the following numerical diagram:

yi+1 − yi ≃
(
h

2
f(xi, yi) + f(xi+1, yi+1)

)
The diagram becomes :

yi+1 = yi +

(
k1
2

+
k2
2

)
where {

k1 = hf(xi, yi)
k2 = hf(xi + h, yi + k1)

(5.1.4)

Example 39 Consider the initial value problem:

dy

dt
= f(t, y), y(t0) = y0.

Solve y′ = −2ty, y(0) = 1 on [0, 1] with h = 0.5.
Step 1: t0 = 0, y0 = 1

k1 = 0.5 · (−2 · 0 · 1) = 0,

k2 = 0.5 · (−2 · 0.5 · (1 + 0)) = −0.5,

y1 = 1 +
1

2
(0 + (−0.5)) = 0.75.
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Step 2: t1 = 0.5, y1 = 0.75

k1 = 0.5 · (−2 · 0.5 · 0.75) = −0.375,

k2 = 0.5 · (−2 · 1.0 · (0.75− 0.375)) = −0.375,

y2 = 0.75 +
1

2
(−0.375 + (−0.375)) = 0.375.

Final Result The numerical approximation at t = 1 is y2 ≈ 0.375.

Runge Kutta of order 4

We introduce the midpoint xi+1/2 = xi+
h

2
and approximating the integral (5.1.3) by Simpson's

formula, we obtain∫ xi+1

xi

f(x, y(t))dt ≃ h

6

(
f(xi, yi) + 4f(xi+1/2, yi+1/2) + f(xi+1, yi+1)

)
The implicit diagram becomes :

yi+1 = yi +
1

6
[k1 + 2k2 + 2k3 + k4]

with 

k1 = hf(xi, yi)

k2 = hf

(
xi +

h

2
, yi +

k1
2

)
k3 = hf

(
xi +

h

2
, yi +

k2
2

)
k4 = hf(xi + h, yi + k3)

(5.1.5)

Example 40 Consider the following �rst-order ordinary di�erential equation:

dy

dx
= x+ y, y(0) = 1 (5.1.6)

We will use the classical fourth-order Runge-Kutta (RK4) method with a step size h = 0.1 to
compute the approximate value of y(0.1).

Step 1: Computation of k1, k2, k3, and k4
Given that f(x, y) = x+ y, and using x0 = 0, y0 = 1, and h = 0.1, we obtain:

k1 = 0.1× f(0, 1) = 0.1× (0 + 1) = 0.1,

k2 = 0.1× f(0.05, 1 + 0.1
2
) = 0.1× (0.05 + 1.05) = 0.110,

k3 = 0.1× f(0.05, 1 + 0.110
2

) = 0.1× (0.05 + 1.055) = 0.1105,

k4 = 0.1× f(0.1, 1 + 0.1105) = 0.1× (0.1 + 1.1105) = 0.12105.

Step 2: Update of y

y1 = y0 +
1

6
(k1 + 2k2 + 2k3 + k4)

= 1 +
1

6
(0.1 + 2× 0.11 + 2× 0.1105 + 0.12105)

= 1 + 0.1103417 = 1.11034
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Thus, the approximate value of the solution at x = 0.1 is:

y(0.1) ≈ 1.1103.

Analytical Comparison
The exact solution of the di�erential equation is obtained by solving

dy

dx
− y = x.

The integrating factor is e−x, so:
y(x) = Cex − x− 1.

Applying the initial condition y(0) = 1 gives C = 2. Therefore:

y(x) = 2ex − x− 1.

At x = 0.1:
y(0.1) = 2e0.1 − 0.1− 1 = 2(1.10517)− 1.1 = 1.11034.

The analytical and numerical results agree up to �ve decimal places, con�rming the accuracy of
the RK4 method.

Step xi yi k1 k2 k3 k4 yi+1

1 0.0 1.0000 0.1000 0.1100 0.1105 0.12105 1.11034

Table 5.1: Computation of y(0.1) using the Runge�Kutta 4th order method.

5.1.3 Multistep method

Let's say we want to solve the following di�erential equation

y′ = f(x, y), y(x0) = y0

The methods we presented so far require that we know the values of f at (xi, yi) to predict the
value of y(xi+1).
Multistep methods are a wide range of methods that are generally much more precise. The
downfall however, is that they require to know the values of f at previous points: xi−1, xi−2, · · ·

By integrating both sides of the equation y′ = f(x, y) over [xi, xi+1], we get:

∫ xi+1

xi

y′(x) dx =

∫ xi+1

xi

f(x, y(x)) dx (5.1.7)

y(xi+1) =y(xi) +

∫ xi+1

xi

f(x, y(x)) dx (5.1.8)

Let us denote fi = f(xi, y(xi)) and y(xi) ≈ yi
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1. Adams-Molton method

Let us approximate
∫ xi+1

xi
f(x, y(x)) dx using trapeze formula:∫ xi+1

xi

f(x, y(x)) dx ≈ h

2
(fi + fi+1)

y(xi+1) =y(xi) +

∫ xi+1

xi

f(x, y(x)) dx (5.1.9)

⇒ yi+1 =yi +
h

2
(fi + fi+1) (5.1.10)

Thus, Adams-Molton Formula is given by:

yi+1 = yi +
h

2
(fi + fi+1)

2. Adams-Bashforth method

Let us interpolate f on [xi−1, xi]

P (x) = fi +
fi−fi−1

h
(x− xi)

∫ xi+1

xi

f(x, y(x)) dx ≈
∫ xi+1

xi

p(x) dx∫ xi+1

xi

p(x) dx =

∫ h

0

(
fi +

fi − fi−1

h
t

)
dt

= fih+
fi − fi−1

h
· h

2

2

= fih+
h

2
(fi − fi−1)

=
h

2
(3fi − fi−1).

y(xi+1) =y(xi) +

∫ xi+1

xi

f(x, y(x)) dx

≈y(xi) +
h

2
(3fi − fi−1)

Thus, Adams-Bashforth Formula is given by:

yi+1 = yi +
h

2
(3fi − fi−1)
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t Analytical e2t RK2 RK4 AB2 AM2
0.0 1.000000 1.000000 1.000000 1.000000 1.000000
0.1 1.221403 1.221000 1.221400 1.221400 1.222222
0.2 1.491825 1.491641 1.491818 1.487820 1.493827
0.3 1.822119 1.821772 1.822106 1.812026 1.825789
0.4 2.225541 2.224989 2.225521 2.206852 2.231520
0.5 2.718282 2.717507 2.718251 2.687705 2.727413
0.6 3.320117 3.319113 3.320072 3.273331 3.333505
0.7 4.055200 4.053965 4.055136 3.986560 4.074283
0.8 4.953032 4.951566 4.952943 4.855195 4.979680
0.9 6.049647 6.047951 6.049525 5.913097 6.086275
1.0 7.389056 7.387132 7.388889 7.201507 7.438781

Table 5.2: Comparison of Analytical, RK2, RK4, AB2 and AM2 for y′ = 2y with step h = 0.1.

Adams-Bashforth-Molton formula (ABM)

Both methods can be conbined as follows:
Let us denote fi = f(xi, yi)
1. (Predictor) Use Adams-Bashforth Formula:

y0i+1 = yi +
h

2
(3fi − fi−1), i = 0, 1, 2, · · ·

2. Use y0i+1 to evaluate f 0
i+1 ≈ f(xi+1, yi+1)

3. (Corrector) Use Adams-Molton Formula:

ym+1
i+1 = yi +

h

2
(fi + fm

i+1), m = 0, 1, 2, · · ·

4. (optional) Recalculate f 1
i+1 ≈ f(xi+1, y

1
i+1)and plug it back into step 3 (corrector formula)

to get y2i+1, and so on, until the answer converges.

Example 41 Let us resolve y′ = 4e0.8x − 0.5y y(0) = 2
We will use the Adams-Bashforth method with a step h = 1
Then, f(x, y) = 4e0.8x − 0.5y, x0 = 0, y0 = 2
Suppose we know the value of y at x = −1 to be y(−1) = −0.3929953
Step1: Predictor

y01 = y0 +
h

2
(3f0 − f−1)

f0 = f(x0, y0) = f(0, 2) = 4e0.8(0) − 0.5(2) = 3
f−1 = f(x−1, y−1) = f(−1,−0.3929953) = 4e0.8(−1) − 0.5(−0.3929953) = 1.9938135

y01 = 2 +
1

2
(3(3)− 1.9938135)

= 5.5030932
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f 0
1 = f(x1, y

0
1)

=f(1, 5.5030932)

=4e0.8(1) − 0.5(5.5030932)

=6.1506171

Step3: Corrector

y11 = y0 +
h

2
(f0 + f 0

1 )

= 2 +
1

2
(3 + 6.1506171)

= 6.5753085

Since the analytical solution is given by

y(x) =
4

1.3
(e0.8x − e−0.5x) + 2e−0.5x ⇒ y(1) = 6.1946314

The relative error is E1
R = |y(1)− y11|/|y(1)| = 6.14%

For better accuracy, we can go back to step 2 to re-estimate a more precise approximation of
f(x1, y1).

f 1
1 = f(x1, y

1
1)

=f(1, 6.5753085)

=4e0.8(1) − 0.5(6.5753085)

=5.6145095

We can now proceed with the corrector step:

y21 = y0 +
h

2
(f0 + f 1

1 )

= 2 +
1

2
(3 + 5.6145095)

= 6.3072547

The relative error is now E2
R = |y(1)− y21|/|y(1)| = 1.81%

5.2 The Shooting Method

The shooting method is based on converting the boundary-value problem into an equivalent
initial-value problem. A trial-and-error approach is then implemented to solve the initial-value
version. The approach can be illustrated by an example.

Lets de�ne before the two points boundary value problems.
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5.2.1 Two Points Boundary-Value Problems

A Two-Point Boundary Value Problem (TPBVP) is a di�erential equation problem de-
�ned on the interval [a, b] ⊂ R, where the solution is constrained by conditions imposed at both
endpoints. The general form of a second-order TPBVP is:

d2y

dx2
= f

(
x, y,

dy

dx

)
, x ∈ (a, b), (5.2.1)

y(a) = α, (5.2.2)

y(b) = β, (5.2.3)

where f is a given function, and α, β ∈ R are prescribed boundary values.
More generally, for an n-th order ODE, the boundary conditions may involve derivatives:

y(a) = α0, y′(a) = α1, . . . , y(k)(a) = αk,

y(b) = β0, y′(b) = β1, . . . , y(m)(b) = βm,

with k +m+ 2 = n.
TPBVPs commonly arise in physical systems such as heat conduction, beam de�ection, and

�uid dynamics, where constraints are applied at spatial boundaries.
Example 42 The conservation of heat can be used to develop a heat balance for a long, thin rod.
If the rod is not insulated along its length and the system is at a steady state, the equation that
results is

d2T

dx2
+ h′(Ta − T ) = 0 (27.1)

where h′ is a heat transfer coe�cient (m−2) that parameterizes the rate of heat dissipation to the
surrounding air and Ta is the temperature of the surrounding air (Â°C).

To obtain a solution for Eq. (27.1), there must be appropriate boundary conditions. A simple
case is where the temperatures at the ends of the rod are held at �xed values. These can be expressed
mathematically as

T (0) = T1 , T (L) = T2

With these conditions, Eq. (27.1) can be solved analytically using calculus. For a 10-m rod with
Ta = 20, T1 = 40, T2 = 200, and h′ = 0.01, the solution is

T = 73.4523e0.1x − 53.4523e−0.1x + 20 (27.2)

In the following sections, the same problem will be solved using numerical approaches.
Use the shooting method to solve Eq. (27.1) for a 10-m rod with h′ = 0.01m−2, Ta = 20, and

the boundary conditions
T (0) = 40 T (10) = 200

Solution.
Using the same approach as was employed to transform Eq. (PT7.2) into Eqs. (PT7.3) through

(PT7.6), the second-order equation can be expressed as two �rst-order ODEs:

dT

dx
= z (E27.1.1)

dz

dx
= h′(T − Ta) (E27.1.2)
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To solve these equations, we require an initial value for z. For the shooting method, we guess
a value-say, z(0) = 10. The solution is then obtained by integrating Eq. (E27.1.1) and (E27.1.2)
simultaneously. For example, using a fourth-order RK method with a step size of 2, we obtain a
value at the end of the interval of T (10) = 168.3797, which di�ers from the boundary condition of
T (10) = 200. Therefore, we make another guess, z(0) = 20, and perform the computation again.
This time, the result of T (10) = 285.8980 is obtained.

Now, because the original ODE is linear, the values

z(0) = 10 T (10) = 168.3797

and
z(0) = 20 T (10) = 285.8980

are linearly related. As such, they can be used to compute the value of z(0) that yields T (10) = 200.
A linear interpolation formula [recall Eq. (18.2)] can be employed for this purpose:

z(0) = 10 +
20− 10

285.8980− 168.3797
(200− 168.3797) = 12.6907

This value can then be used to determine the correct solution.

Nonlinear Two-Point Problems

For nonlinear boundary-value problems, linear interpolation or extrapolation through two so-
lution points will not necessarily result in an accurate estimate of the required boundary condition
to attain an exact solution. An alternative is to perform three applications of the shooting method
and use a quadratic interpolating polynomial to estimate the proper boundary condition. How-
ever, it is unlikely that such an approach would yield the exact answer, and additional iterations
would be necessary to obtain the solution.

Another approach for a nonlinear problem involves recasting it as a roots problem. Recall that
the general form of a roots problem is to �nd the value of x that makes the function f(x) = 0.
Now, let us use Example 27.1 to understand how the shooting method can be recast in this form.

First, recognize that the solution of the pair of di�erential equations is also a "function" in the
sense that we guess a condition at the left-hand end of the rod, z0, and the integration yields a
prediction of the temperature at the right-hand end, T10. Thus, we can think of the integration as

T10 = f(z0)

That is, it represents a process whereby a guess of z0 yields a prediction of T10. Viewed in this
way, we can see that what we desire is the value of z0 that yields a speci�c value of T10. If, as in
the example, we desire T10 = 200, the problem can be posed as

200 = f(z0)

By bringing the goal of 200 over to the right-hand side of the equation, we generate a new function,
g(z0), that represents the di�erence between what we have, f(z0), and what we want, 200.

g(z0) = f(z0)− 200

If we drive this new function to zero, we will obtain the solution. The next example illustrates
the approach.
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Example 43 Problem Statement. Although it served our purposes for proving a simple boundary-
value problem, our model for the rod in Eq. (27.1) was not very realistic. For one thing, such a
rod would lose heat by mechanisms such as radiation that are nonlinear.

Suppose that the following nonlinear ODE is used to simulate the temperature of the heated
rod:

d2T

dx2
+ h′′(Ta − T )4 = 0

where h′′ = 5× 10−8. Now, although it is still not a very good representation of heat transfer, this
equation is straightforward enough to allow us to illustrate how the shooting method can be used
to solve a two-point nonlinear boundary-value problem. The remaining problem conditions are as
speci�ed in Example 27.1.

Solution
The second-order equation can be expressed as two �rst-order ODEs:

dT

dx
= z (1)

dz

dx
= h′′(T − Ta)

4 (2)

Now, these equations can be integrated using the fourth-order RK method. We implemented this
approach as a MATLAB script. The function integrated the equations based on random initial
guesses for z(0) and returned the temperature at x = 10. The di�erence between this value and
the goal of T ∗ = 200 was then calculated. Using bisection method, we adjusted the value of z(0)
until the di�erence was driven to zero.

The approach e�ectively transformed the boundary value problem into a root-�nding problem:

Find z∗0 such that f(z∗0) = 0, where f(z0) = T (10; z0)− 200

where T (10; z0) denotes the numerical solution of Equations (1),(2) at x = 10 with initial
condition z(0) = z0.
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Figure 5.1: initial conditions z0 are taken in the interval [9, 10]. The graph shows that the initial
condition we are looking for is in the interval [9.2, 9.3]

Figure 5.2: Applying bisection method, initial conditions z0 are taken in a much re�ned interval
[9.2, 9.3]. The graph shows that the initial condition we are looking for is in the interval [9.29, 9.3]
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Figure 5.3: Initial conditions z0 are now taken in the interval [9.29, 9.3]. The graph shows that
the initial condition we are looking for is approximately z0 = 9.2945

5.3 Finite Di�erence Method

The principle of all numerical methods for solving partial di�erential equations is to obtain
discrete numerical values (i.e., a �nite number of values) that approximate the exact solution.

The di�erential problems presented earlier admit in�nitely many solutions. To ensure unique-
ness, one must impose boundary conditions on the boundary ∂Ω of Ω, and for time-dependent
problems, initial conditions at t = 0.

Consider the Poisson equation

−u′′(x) = f(x), x ∈]a, b[ (5.3.1)

or in several dimensions

−∆u(X) = f(X), X = (x1, . . . , xd)
T ∈ Ω (5.3.2)

where f is a given function and ∆ is the Laplacian.

a- The One-Dimensional Case:

In the one-dimensional case, one way to uniquely determine the solution is to impose the values
of u at x = a and x = b: {

−u′′(x) = f(x), x ∈]a, b[
u(a) = α, u(b) = β

(5.3.3)

where α and β are two given real numbers.
The di�erential equation (5.3.3) must in particular be satis�ed at the interior nodes xj of ]a, b[,

that is:
−u′′(xj) = f(xj), j = 1, . . . , N.
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We can approximate this set of N equations by replacing the second derivative with a �nite
di�erence formula. For example, if u :]a, b[ 7→ R is su�ciently regular near a point x̄ ∈]a, b[, then
the quantity

u′′(x̄) ≃ u(x̄+ h)− 2u(x̄) + u(x̄− h)

h2

is an approximation of u′′ with respect to h.
This suggests approximating problem (5.3.3) as follows: �nd {uj}Nj=1 such that{

−uj+1 − 2uj + uj−1

h2
= f(xj), j = 1, . . . , N,

u0 = α, uN+1 = β.
(5.3.4)

We then obtain the following system:

−u2 − 2u1 + u0

h2
= f(x1)

−u3 − 2u2 + u1

h2
= f(x2)

...

...

−uN − 2uN−1 + uN−2

h2
= f(xN−1)

−uN+1 − 2uN + uN−1

h2
= f(xN)

(5.3.5)

⇒



−u2 + 2u1 − α = h2f(x1)
−u3 + 2u2 − u1 = h2f(x2)
...
−uN + 2uN−1 − uN−2 = h2f(xN−1)
−β + 2uN − uN−1 = h2f(xN)

(5.3.6)

⇒



−u2 + 2u1 = h2f(x1) + α
−u3 + 2u2 − u1 = h2f(x2)
...
−uN + 2uN−1 − uN−2 = h2f(xN−1)
2uN − uN−1 = h2f(xN) + β

(5.3.7)

⇔



2 −1 0 · · · · · · 0
−1 2 −1 0 · · · 0

0
. . . . . . −1 0

...
. . . . . . . . .
. . . −1 2 −1

0 · · · · · · 0 −1 2





u1

u2

u3
...

uN−1

uN


= h2



f(x1) +
α

h2

f(x2)
f(x3)
...

f(xN−1)

f(xN) +
β

h2


⇔

Auh = h2f (5.3.8)
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with uh = (u1, · · · , uN)
T the vector of unknowns,

f =

(
f(x1) +

α

h2
, f(x2), · · · , f(xN−1), f(xN) +

β

h2

)T

, and A = tridiag(−1, 2,−1) the tridiag-

onal matrix.

b- The two-dimensional case:

We consider the Poisson problem (5.3.2) in a two-dimensional domain Ω.
The �nite di�erence method consists in approximating the partial derivatives in the PDE using

�nite di�erence quotients computed on a grid composed of a �nite number of nodes. The solution
u is then approximated only at these nodes.

The �rst step is therefore to de�ne the computational grid. For simplicity, let us assume
that Ω is a rectangle ]a, b[×]c, d[. We introduce a partition of ]a, b[ into subintervals ]xi, xi+1[ for
i = 0, · · · , Nx with x0 = a and xNx+1 = b.

Let∆x = {x0, · · · , xNx+1} denote the set of endpoints of these intervals and hx = max
i=0,··· ,Nx

(xi+1 − xi)

their maximum length.
We discretize y in the same way, ∆y =

{
y0, · · · , yNy+1

}
with y0 = c, yNy+1 = d and hy =

maxj=0,··· ,Ny (yj+1 − yj). The Cartesian product ∆h = ∆x ×∆y de�nes the computational grid on
Ω (see �gure ?), and h = max {hx, hy} represents the discretization step.

We seek the values ui,j that approximate u(xi, yj). For simplicity, we assume that the nodes are
uniformly spaced, i.e. xi = x0 + ihx for i = 0, · · · , Nx +1 and yj = y0 + jhy for j = 0, · · · , Ny +1.

The second-order partial derivatives can be approximated by �nite di�erence quotients, as we
did for ordinary derivatives.

In the case of a function of two variables, we de�ne the following �nite di�erence quotients:

∂2u(xi, yj)

∂x2
=

ui−1,j − 2ui,j + ui+1,j

h2
x

∂2u(xi, yj)

∂y2
=

ui,j−1 − 2ui,j + ui,j+1

h2
y

(5.3.9)

Consider the problem {
−∆u = f, in Ω

u = g, on ∂Ω
(5.3.10)

with

∆u =
∂2u

∂x2
+

∂2u

∂y2
.

⇔  −
(
∂2u(xi, yj)

∂x2
+

∂2u(xi, yj)

∂y2

)
= f(xi, yj), in Ω

ui,j = gi,j, ∀i, j such that (xi, yj) ∈ ∂∆h

(5.3.11)

By substituting (5.3.9) into our problem we obtain

−
[
ui−1,j − 2ui,j + ui+1,j

h2
x

+
ui,j−1 − 2ui,j + ui,j+1

h2
y

]
= fi,j

⇒
−
[
1

h2
x

ui−1,j +
1

h2
y

ui,j−1 − 2ui,j

(
1

h2
x

+
1

h2
y

)
+

1

h2
y

ui,j+1 +
1

h2
x

ui+1,j

]
= fi,j.
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The resulting system can be written in a compact form, by numbering the nodes (unknowns)
from left to right and from bottom to top. We obtain a system of the form (5.3.8), with a matrix
A ∈ RN×N that is block tridiagonal:

A = tridiag(D,T,D).

It has Ny block rows and Ny block columns, and each block is an Nx ×Nx matrix.

The matrix D ∈ RNx×Nx is diagonal and its coe�cients are − 1

h2
y

.

The matrix T ∈ RNx×Nx is symmetric tridiagonal:

T = tridiag

(
− 1

h2
x

,
2

h2
x

+
2

h2
y

,− 1

h2
x

)
.

The matrix A is symmetric positive de�nite.

5.4 Solved exercises

Exercise 5.1 In electronics, an RC circuit (a resistor R in series with a capacitor C) is
often used to �lter signals or smooth voltages. The voltage Vc(t) across the capacitor evolves
according to the following di�erential equation:

dVc

dt
=

1

RC
(Vs − Vc)

where:

� Vs: supply voltage (in volts),

� R: resistance (in ohms),

� C: capacitance (in farads),

� Vc(t): voltage across the capacitor (in volts).

Vs = 5 V, R = 10 kΩ, C = 100 µF, Vc(0) = 0 V

Simulation time: T = 1 s
Time step: h = 0.1 s

1. Write the recurrence equation of the Euler method to approximate Vc(t):

Vcn+1 = Vcn + h · 1

RC
(Vs − Vcn)

2. Compute the �rst �ve values of Vc(t) (from t = 0 to t = 0.5 s).

3. Give the analytical solution of the di�erential equation:

Vc(t) = Vs

(
1− e−

t
RC

)
and compare the numerical values with the analytical ones.
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Solution
We are given the di�erential equation describing the voltage Vc(t) across a capacitor in an RC

circuit:
dVc

dt
=

1

RC
(Vs − Vc),

with the parameters:

Vs = 5 V, R = 10 kΩ = 104 Ω, C = 100 µF = 10−4 F, Vc(0) = 0 V.

1. The explicit (forward) Euler method gives:

Vcn+1 = Vcn + h · 1

RC
(Vs − Vcn).

Let us set

a = 1− h

RC
, b =

hVs

RC
.

Then the recurrence relation becomes

Vcn+1 = aVcn + b.

This is a �rst-order non-homogeneous linear (a�ne) recurrence.

2. We have:
RC = 104 × 10−4 = 1 s, h = 0.1 s.

Thus:

a = 1− h

RC
= 1− 0.1 = 0.9, b =

hVs

RC
= 0.1× 5 = 0.5.

The recurrence becomes:
Vn+1 = 0.9Vn + 0.5, V0 = 0.

We can now compute the �rst few iterations:

n Vn (V)
0 0.000
1 0.9(0) + 0.5 = 0.500
2 0.9(0.5) + 0.5 = 0.950
3 0.9(0.95) + 0.5 = 1.355
4 0.9(1.355) + 0.5 = 1.7195
5 0.9(1.7195) + 0.5 = 2.0476

Hence, the approximate voltages are:

Vc(0.0) = 0.0, Vc(0.1) = 0.5, Vc(0.2) = 0.95, Vc(0.3) = 1.355, Vc(0.4) = 1.7195, Vc(0.5) = 2.0476.

3. The exact solution of the di�erential equation is:

Vc(t) = Vs

(
1− e−

t
RC

)
.

Since RC = 1 and Vs = 5, we have:

Vc(t) = 5(1− e−t).
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Let us compare the analytical and numerical results:

t (s) V Euler

c (V) V Exact

c = 5(1− e−t) (V)
0.0 0.0000 0.0000
0.1 0.5000 0.4751
0.2 0.9500 0.9050
0.3 1.3550 1.2950
0.4 1.7195 1.6470
0.5 2.0476 1.9670

The Euler method slightly overestimates the voltage due to its known tendency to diverge
when applied to stable systems with large time steps. However, the results remain reasonably
accurate for small h.

�

Remark: The recurrence Vn+1 = aVn + b is not purely linear (it is a�ne), because of the
constant term b. It can be rewritten as a linear homogeneous part Vn+1 − aVn = 0 plus a
constant "forcing term" b, which explains the shape of its solution:

Vn = anV0 +
b

1− a
(1− an).

This expression converges to the steady-state voltage V ∗ = b
1−a

= 5 V, which corresponds
to the physical steady-state of the RC circuit.

Exercise 5.2 In industrial automation and electronic systems, temperature control is an es-
sential process. The temperature T (t) of a thermal chamber can be modeled by the following
di�erential equation:

dT

dt
= −k(T − Tenv) +

Kp

C
(Tset − T ),

where:

� Tenv is the ambient temperature (in ◦C),

� Tset is the desired (setpoint) temperature (in ◦C),

� k is the cooling coe�cient (in s−1),

� Kp is the proportional control gain,

� C is the thermal capacity of the system.

We assume the following parameters:

Tenv = 25 ◦C, Tset = 80 ◦C, k = 0.05 s−1, Kp = 20, C = 100, T (0) = 25 ◦C.

1. Express the right-hand side function f(T ) explicitly.

2. Compute the temperature at t = 1, 2, and 3 seconds with a time step h = 1 s.

3. Compare the obtained results with the analytical solution:

T (t) = Tset − (Tset − Tenv)e
−αt, where α = k +

Kp

C
.
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Solution

1. We consider the temperature control model from the exercise:

dT

dt
= f(T ) = −k(T − Tenv) +

Kp

C
(Tset − T ).

With the given parameters,

Tenv = 25◦C, Tset = 80◦C, k = 0.05 s−1, Kp = 20, C = 100,

we obtain the autonomous equation

f(T ) = −0.05(T − 25) +
20

100
(80− T ) = −0.25T + 17.25.

2. We use the RK2 scheme: 
k1 = h f(Tn),

k2 = h f(Tn + k1),

Tn+1 = Tn +
1

2
(k1 + k2),

with time step h = 1 s and initial condition T0 = 25◦C.

Step n = 0:
k1 = h f(T0) = 1 · (−0.25 · 25 + 17.25) = 11.000000,

T0 + k1 = 25 + 11 = 36,

k2 = h f(36) = −0.25 · 36 + 17.25 = 8.250000,

T1 = 25 + 1
2
(11 + 8.25) = 25 + 9.625 = 34.625.

Step n = 1:

k1 = f(T1) = −0.25 · 34.625 + 17.25 = 8.59375,

T1 + k1 = 34.625 + 8.59375 = 43.21875,

k2 = f(43.21875) = −0.25 · 43.21875 + 17.25 = 6.4453125,

T2 = 34.625 + 1
2
(8.59375 + 6.4453125) = 34.625 + 7.51953125 = 42.14453125.

Step n = 2:

k1 = f(T2) = −0.25 · 42.14453125 + 17.25 = 6.7138671875,

T2 + k1 = 42.14453125 + 6.7138671875 = 48.8583984375,

k2 = f(48.8583984375) = −0.25 · 48.8583984375 + 17.25 = 5.035400390625,

T3 = 42.14453125 + 1
2
(6.7138671875 + 5.035400390625)

= 42.14453125 + 5.8746337890625 = 48.0191650390625.
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3. The analytical solution is

T (t) = Tset − (Tset − Tenv)e
−αt, α = k +

Kp

C
= 0.25,

hence
T (t) = 80− 55e−0.25t.

Using the RK2 scheme (with h = 1 s and the variant k2 = hf(Tn + k1)) we obtained:

T1 = 34.625, T2 = 42.14453125, T3 = 48.0191650390625.

The exact solution values at t = 1, 2, 3 are

T (1) = 80− 55e−0.25 ≈ 37.165957,

T (2) = 80− 55e−0.5 ≈ 46.640814,

T (3) = 80− 55e−0.75 ≈ 54.019840.

n tn (s) Tn (RK2) T (tn) (exact) Absolute error |Tn − T (tn)| (rel.%)

1 1 34.625000 37.165957 2.540957 (6.84%)
2 2 42.14453125 46.640814 4.496283 (9.64%)
3 3 48.0191650391 54.019840 6.000675 (11.11%)

Table 5.3: Comparison of RK2 numerical results with the analytical solution.

� The RK2 results systematically underestimate the exact temperature for this choice of
variant and time step (h = 1 s).

� The absolute and relative errors increase with time (from about 6.8% at t = 1 to about
11.1% at t = 3). This is due to the relatively large time step h = 1 s compared with
the system time constant (1/α = 4 s), and to the particular RK2 variant used (which
evaluates k2 at the full step).

� Reducing the time step (for instance h = 0.5 or h = 0.1) will reduce the discretization
error and bring the numerical solution much closer to the analytical solution. Alterna-
tively, using a higher-order method (RK4) would also decrease the error for the same
h.

Exercise 5.3 Let the following equation:

y′ =
y

x
+ ex, x > 0.

with y(1) = 1
Calculate f(1.2) with h = 0.1

1. Using Adams-Bashforth method.

2. Using Adams-Molton method.
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Solution
Let f(x, y) = y

x
+ ex

1. Using Adams-Bashforth method.

Adams-Bashforth Formula gives:

y2 = y1 +
h

2
(3f1 − f0)

Where f0 = f(x0, y0) = f(1, 1) = 1
1
+ e1 = 3.7182

Since y1 is unknown we should calculate it using some numerical method. Let us use Euler's
formula with h = 0.1:

y1 =y0 + hf(x0, y0)

=1 + 0.1f(1, 1)

=1 + 0.1(3.7182)

=1.3718

Thus, f1 = f(x1, y1) = f(1.1, 1.3718) = 1.3718
1.1

+ e1.1 = 4.2512

y2 =y1 +
h

2
(3f1 − f0)

=1.3718 +
0.1

2
(3(4.2512)− 3.7182)

=1.8235

2. Using Adams-Molton method.

Adams-Molton Formula gives:

y1 = y0 +
h

2
(f0 + f1)

f0 = f(x0, y0) = f(1, 1) =
1

1
+ e1 = 3.7182

f1 = f(x1, y1) = f(1.1, y1) =
y1
1.1

+ e1.1

y1 =y0 +
h

2
(f0 + f1)

=1 +
0.1

2

(
3.7182 +

y1
1.1

+ e1.1
)

=1.3361 + 0.0454 y1

⇒ (1− 0.0454)y1 =1.3361

y1 =1.3997

Now, for i = 1:
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f1 = f(x1, y1) = f(1.1, 1.3997) =
1.3997

1.1
+ e1.1 = 4.2766

y2 =y1 +
h

2
(f1 + f2)

=1.3997 +
0.1

2

(
4.2766 +

y2
1.2

+ e1.2
)

=1.7795 + 0.04166 y2

⇒ (1− 0.04166)y2 =1.7795

y2 =1.8568

Exercise 5.4 In power electronics, components such as transistors or resistors often generate
heat that must be dissipated through a heat sink or substrate. The temperature distribution
along a thin conducting bar of length L (representing, for instance, a heat sink �n) is governed
by the steady-state one-dimensional heat equation:

d2T

dx2
= − q

k
,

where:

� T (x) is the temperature at position x (in ◦C),

� q is the volumetric heat generation rate (W/m3),

� k is the thermal conductivity of the material (W/mÂ·K).

Boundary conditions:

T (0) = 100◦C, T (L) = 50◦C.

Given parameters:

L = 10 cm, k = 200 W/mÂ·K, q = 1.0× 106 W/m3.

1. Discretize the domain [0, L] into N = 4 equal intervals of step size h = L/N .

2. Using the �nite di�erence approximation

d2T

dx2
≈ Ti+1 − 2Ti + Ti−1

h2
,

write the discrete equations for i = 1, 2, 3.

3. Express the resulting system of linear equations in matrix form:

AT = b,

and solve for the nodal temperatures T1, T2, T3.
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Solution

1.
x0 = 0, x1 = 0.025 m, x2 = 0.05 m, x3 = 0.075 m, x4 = 0.1 m.

The step size is

h =
L

N
=

0.1

4
= 0.025 m.

2. Using the central �nite-di�erence approximation

d2T

dx2

∣∣∣
xi

≈ Ti+1 − 2Ti + Ti−1

h2
,

the discrete equation at interior node i becomes

Ti−1 − 2Ti + Ti+1

h2
= − q

k
.

Rearranging (multiply by −1) yields the standard symmetric form

2Ti − Ti−1 − Ti+1 =
qh2

k
.

Write these equations for i = 1, 2, 3 (unknowns T1, T2, T3). Incorporating boundary values
T0 = 100 and T4 = 50 gives:

2T1 − T2 =
qh2

k
+ T0,

−T1 + 2T2 − T3 =
qh2

k
,

−T2 + 2T3 =
qh2

k
+ T4.

3. The matrix form for the linear system is AT = b with

A =

 2 −1 0

−1 2 −1

0 −1 2

 , T =

T1

T2

T3

 ,

and

b =


qh2

k
+ T0

qh2

k
qh2

k
+ T4

 .

Compute the scalar qh2/k:

qh2

k
=

1.0× 106 × (0.025)2

200
=

1.0× 106 × 0.000625

200
=

625

200
= 3.125.

Thus

b =

103.125

3.125

53.125

 .
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4. The system  2 −1 0
−1 2 −1
0 −1 2

T1

T2

T3

 =

103.125
3.125
53.125


can be solved (by Gaussian elimination or any linear solver). Solving gives

T1 = 92.1875 ◦C, T2 = 81.25 ◦C, T3 = 67.1875 ◦C.

Remarks

� Increasing N would produce more nodal points and the same agreement at those nodes
(the analytic expression evaluated at those nodes). For non-constant source terms q(x) the
�nite-di�erence solution would be an approximation; error would decrease as h → 0.

� Physically, the solution shows a monotone decrease of temperature from 100◦C at x = 0 to
50◦C at x = L, with the interior temperatures determined by the balance between internal
heat generation and conduction.

Exercise 5.5 An object falls to the ground from a height of 30 meters. Its height as a function
in time t is represented by y(t). Assuming the mass of the object equals one, by Newton's law,

its acceleration is determined by
d2y

dt2
= g with g = 9.81.

we suppose that at time t = 4, the object hits the ground.
Calculate the trajectory y(t) using the shooting method.

Solution
We are given a boundary value problem (BVP):

d2y

dt2
= g

y(0) = 30, y(4) = 0

Let u = y′ ⇒ u′ = y′′ ⇒

{
y′ = u

u′ = g

Our original problem becomes an initial value problem (IVT):{
y′ = u

u′ = g
with

{
y(0) = 30

u(0) = u∗
0

Where u∗
0 is unkown.

We then take a �rst guess u1
0 = 10

and a second guess u2
0 = 15 and use RK4 method with h = 1:

Since −8.48 ≤ y(4) = 0 ≤ 11.52. we can use linear interpolation to obtain a good approxima-
tion of u∗

0

Let f a function such that f(10) = −8.48 and f(15) = 11.52
Thus, the problem is to �nd u∗

0 such that f(u∗
0) = 0
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Table 5.4: RK4 shooting results for a falling object (h = 1, g = 9.81)

t u(t) (u0 = 10) y(t) (u0 = 10) u(t) (u0 = 15) y(t) (u0 = 15)
0 10.00 30.000 15.00 30.000
1 0.19 35.095 5.19 40.095
2 -9.62 30.380 -4.62 40.380
3 -19.43 15.855 -14.43 30.855
4 -29.24 -8.480 -24.24 11.520

Linear interpolation gives:

f(u) ≈ P (u) = f(u1
0) +

f(u2
0)− f(u1

0)

u2
0 − u1

0

(u− u1
0)

= −8.48 +
11.52− (−8.48)

15− 10
(u− 10)

= −8.48 + 4(u− 10)

= 4u− 48.48

P (u) = 0 ⇒ 4u− 48.48 = 0 ⇒ u = 12.12
So u∗

0 ≈ 12.12
�nally we use RK4 with the newly obtained u∗

0 ≈ 12.12

t u(t) y(t)
0 12.12 30.000
1 2.31 27.215
2 -7.50 14.620
3 -17.31 -7.785
4 -27.12 0.000

Our numerically computed solution indeed veri�es y(0) = 30, y(4) = 0.
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